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EX,UTA AND ADDENDA 
1. P .  11, 1st row: I n  "ox£ ( z )  1 z=o = O","V " shou ld  be " V Z M .  
X 
2nT '6 P 2 .  P .  1 9 ,  l a s t  pa ragraph :  Not ice  t h a t  w % nT % ----- -- 
v F m mSO ' 
Also n o t i c e  t h a t  even though a t  T = 0°K t h e  z e r o  f i e l d  k e r n e l  
becomes a  long-range one,  i t  w i l l  be  s e e n  l a t e r  t h a t  t h e  f i e l d  
dependent phase  f a c t o r s  i n  t h e  k e r n e l  f o r  H Hc2 w i l l  supply  
+ + 
an  e f f e c t i v e  damping s o  t h a t  we s t i l l  have r - r  1 z O(SH) % O ( t o ) .  
1 1, 3. P .  20 ,  Eq. (11-30) : The f a c t o r  " + " shou ld  b e  " + + . / r-r' I I r-r1 I 
4 .  P .  22,  7 t h  and 6 t h  rows from below: "We t h u s  have reduced ... L-G 
e q u a t i o n . "  shou ld  b e  changed t o :  "Solving Eq. (11-35) i s  t h e r e f o r e  
reduced t o  s o l v i n g  Eq. (11-37) a l o n e ,  which i s  of t h e  same t y p e  as 
t h e  l i n e a r i z e d  L-G equa t ion . " .  Also ,  same page,  5 t h  row from below: 
"(11-36) and (11-37)" shou ld  be  "(11-37) and (11-38)". 
5.  P .  27,  Eq. (111-3): The lower l i m i t s  of  t h e  two p a t h  i n t e g r a t i o n s  
shou ld  b e  :I. Also t h e  l i n e  below E s .  (111-3) : "where 
6 .  P .  31,  4 t h  row from below: " the  image term  should be " the  
H 9 w  
image term i n  G ( O )  ". Also same page,  2nd row from below: "phase 
H, 0.l
i n t e g r a l ' '  shou ld  be  "path  i n t e g r a l " .  
7. n *  35, foo t : -o te  to be atlti-.ci at the end of t h e  f i r i t  ? c u t e n c e :  
f at i 1 1 < 7 i  ,- rave F I I T I ~  t iC, iz  1 7 i  1 1  ? ~ , l v c  ,I 1-;1pit11 y c \ i t 4  l l n t i n ~  
component near a sample  sur i ace 11 1s ,ill eadv been  found  by Fall< 
i n  s t u d y i n g  f i n i t e  and s e m i - i n f i n i t e  s u p e r c o n d u c t i n g  s l a b s ,  and 
i n  s t u d y i n g  s e m i - i n f i n i t e  s u p e r c o n d u c t i n g  and normal  v e t a l s  i n  
c o n t a c t  ( D .  S .  F21k9 Phys .  9ev .  g, 1576 ( 1 9 6 3 ) ) :  by T>eyendecker 
i n  s t u d y i n e  t h e  f r e e  s u r f a c e  s i d e  of a  normal  m e t a l l i c  s l a b  backed 
by a  s u p e r c o n d u c t o r  ( A .  J .  Leyendecke r ,  Ph.D. T h e s i s ,  U n i v e r s i t y  
of  Maryland,  1 9 6 7 ) ;  and by Boyd i n  s t u d y i n g  t h e  v i c i n i t y  of  a  
t u n n e l i n g  b a r r i e r  (R. G .  Boyd, Phys .  Fev. - 1 6 7 ,  407 ( 1 9 6 8 ) ) ;  a l l  
assuming t h a t  no  e x t e r n a l  m a g n e t i c  f i e l d  i s  a p p l i e d  t o  t h e  sample .  
Boyd h a s  r e s t r i c t e d  h i s  a t t e n t i o n  t o  t h e  ne ighborhood o f  a  second 
o r d e r  phase  t r a n s i t i o n ,  a s  we d i d  i n  t h i s  t h e s i s ,  b u t  F a l k  and 
Leyendecker  h a ~ e  c o n s i d e r e d  t h e  g e n e r a l  n o n - l i n e a r  s i t u a t i o n s . "  
+ + 8. P .  35 ,  Eq .  ( IV-1):  " I ~ ( O ) ( ~ ; ' R ~ , ; '  I ) "  s h o u l d  b e  " k ( " ) ( / r - ~ ~ , r ' l ) " .  
9 .  P. 36,  Eq .  ( IV-4) :  I n  t h e  f i r s t  phase  f a c t o r ,  t h e  lower  l i m i t  
of i n t e g r a t i o n  s h o u l d  b e  ;' . 
1 0 .  P .  3 9 ,  1 2 t h  row from above:  I n s e r t  "by" a f t e r  "(L'J-4)". 
11. P .  41 ,  E q .  (IV-9) : " l n ( m ) "  s h o u l d  b e  l n ( f i  + 1) ". 
1 2 .  P .  4 3 ,  b e g i n n i n g  of t h e  2nd p a r a g r a p h :  " t h e  s u r f a c e  n u c l e a t i o n  
c r i t i c a l  f i e l d  N " s h o u l d  b e  changed t o  " t h e  c r i t j c a l  f i e l d  r a t i o  
c  3 
Hc3/Hc211 " 
13. P. 51, 3rd row from below: "minimizing ti (co)" siiould be 
c // 
"ma* . imiz inp  H ( r o )  '' 
c // 
1 4 .  P .  61,  2nd row from below: I n  " 1 V ~ A  (:) 1 %  1 v~A(:) 1 ", "2" shou ld  be 
11-11 
- 
P .  70,  9 t h  row from below: I n  " d i r e c t i o n s  p e r p e n d i c u l a r  t o  ...", 
"perpend icu la r"  should  b e l ' p a r a l l e l " .  
P .  72:  N o t i c e  t h a t  Eq. (V-41) i s  n o t  m i s s i n g ,  b u t  i s  embedded i n  
t h e  t e x t .  
P .  78, on t h e  r i g h t  hand s i d e  of Eq .  (V-68): " " shou ld  b e  
Hc3 11Hc2 . 
P.  79,  2nd row i n  "Conclusion 111": " t o  two o r d e r s  i n  ..." shou ld  
b e  " t o  two n o n - t r i v i a l  o r d e r s  i n  ...". 
P .  80 ,  7 t h  row from below: " see  f i g .  " shou ld  be  "See f i g .  5". 
P .  8 6 ,  Eqs. (IV-4) and (IV-5) : t h e  symbols "x" a f t e r  "dz" should 
be  m u l t i p l i c a t i o n  s i g n s .  
P .  87,  1 1 t h  row from below: " (  & [H-~]$dz"  shou ld  be 
, , 
-t + ik,* r 
i k *  r l l  P .  106 ,  E q .  (A-2) : e  should be  "e I I 
-> ? f f l  
i l c -  (rA-ri) i k L -  ( r A - ~ - L )  
2 3 .  P, 107, E q .  ( A - 8 ) :  lie " s h o u l d  be "e 1 
r r r ir 
24.  P. 114,  E q .  ( 2  h ( ~ ) * d < =  / h(;)ed^+ h ( ; ) * d s w  
2 ;' , ;' 1 -f r '  
r + +  
r 
shou ld  be  / : ,A(s)*ds = 
' r 4  
25. P. 118,  8 t h  row from below: "Hc(c0)" shou ld  b e  "H (5,)". 
C // 
26. P .  118,  Foo tno te  t o  b e  added t o  t h e  s e n t e n c e  t h a t  ends i n  t h e  5 t h  
row from below: 
"Since we do n o t  have a  completeness  theorem f o r  t h e  s e t  of a l l  
e i g e n s o l u t i o n s  o f  a  l i n e a r  homogeneous i n t e g r a l  e q u a t i o n ,  merely  t h e  
e x i s t e n c e  of a  ground s t a t e  does n o t  y e t  g u a r a n t e e  t h e  v a l i d i t y  of an 
upper bound e s t i m a t i o n  t o  t h e  ground s t a t e  e i g e n v a l u e  by a  v a r i a t i o n a l  
t echn ique .  (The a u t h o r  wishes  t o  thank  P r o f .  D .  S .  F a l k  f o r  p o i n t i n g  
ou t  t h i s  p o i n t  t o  him.) We t h e r e f o r e  need a  s u i t a b l e  v a r i a t i o n a l  
f o r m u l a t i o n  of Gor 'kov 's  t h e o r y  of s u p e r c o n d u c t i v i t y ,  i n  o r d e r  t o  
j u s t i f y  our  c a l c u l a t i o n  a t  T = O°K.  One such v a r i a t i o n a l  f o r m u l a t i o n  
does e x i s t  ( W .  S i l v e r t  and L .  N .  Cooper, Phys.  Rev. - 1 4 1 ,  336 (1966)) 
which,  however, i s  n o t  what we need.  F o r t u n a t e l y ,  t h e  a u t h o r  h a s  
developed a n o t h e r  v a r i a t i o n a l  fo rmula t ion  of Gor 'kov 's  t h e o r y ,  t h e  
d e t a i l  of which w i l l  b e  p u b l i s h e d  i n  a  l a t e r  p a p e r ,  which e x a c t l y  
s e r v e d  our  purpose .  Our v a r i a t i o n a l  e s t i m a t i o n  of H (cO) and H 
c  // c3 
a t  T = 0°1< i s  t h e r e f o r e  a  v a l i d  p rocedure . "  
2 7 .  P. 123, i n  t h e  r i g h t  hand s i d e  of E q .  (D-1): t h e  f r o n t  n e g a t i v e  s i g n  
shou ld  be dropped,  and t h e  l i m i t  of i n t e g r a t i o n  shou ld  be  "5 > 0" and 
+ -t 1 ' 1  p - p '  1 > E ~ ' .  
"h '.'' ( G ~ )  I f  siiould be "h I,.ii. 28. P .  128 ,  9 t h  row from below: 
c c BB ( c o )  I S .  
2 9 .  P .  1 4 1 ,  r e f .  19: I n  "Engl ish  t r a n s l .  S o v i e t  ?hys. J E T P  -- 3 7 ,  593 . . .  ) ,  
"37" - should be  "10". -
30. P. 145, F i g .  2 :  N o t i c e  t h a t  5 = 6 io has  been used t o  c h a r a c t e r i z e  1 
t h e  s t a t e s ,  i n s t e a d  of < i t s e l f ,  f o r  computat ional  convenience.  
0 
31. P .  1 4 6 ,  Fig .  4: N o t i c e  t h a t  t h e  e r r o r  b a r s  a r e  due t o  t h e  f a c t  t h a t  
we have q u a n t i z e d  t h e  p o s s i b l e  v a l u e s  of u  = a/(l+o,)  f o r  numer ica l  
computation.  W e  have a l s o  q u a n t i z e d  t h e  p o s s i b l e  v a l u e s  of < a s  1 
i n d i c a t e d .  
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dependence of t h e  ratlo is found  to be 0.05 T L  ln T f o r  small T, For  
T T,, cwo approaches  a re  employed t o  c a l c u l a t e  H 
c3IHc2 I n  the  f i r s t  
approach,  r h e  convenrional assumptron c h a t   he p d l r  wave f u n c t i o n  i s  
everywhere slowly varying rnsrde  the sample i s  made. L C  leads to a 
sirnultanea.~is,  m-r' c u s s t c ; p ~ ~ c  d e r f v a t ~  on o f  rhe 1 Inearszed Landall-Ginzbterg 
e q u a t i o n  and i t s  supplementary boundary  condlzfon, f o r  samples wick a 
boundary,  when T - T c c  T . This  approach i s  shown t o  b e  n o t  s e l f -  
C c  
c o n s i s r e n t  f o r  t empera tu res  below t h e  Landau-Ginzburg r e g i o n .  The 
second approach,  a l lowing  f o r  t h e  rap id ly -vary ing  n a t u r e  of t h e  p a i r  
wave f u n c t i o n  n e a r  t h e  sample s u r f a c e ,  i s  t h e n  used.  We f i n d  r h e  l o w e s t  
two n o n - t r i v i a l  o r d e r s  i n  (1-E) a s  c o r r e c t i o n s  t o  r h e  r e s u l t  
Hc3/Hc2 = 1 . 7 ,  when T g e t s  s l i g h t l y  below t h e  Landau-Ginzburg r e g i o n ,  
and f i n d  t h a t  H 
c3IHc2 d e c r e a s e s  a s  t h e  t empera tu re  i s  lowered i n  t h i s  
r e g i o n .  We s p e c u l a t e  about  t h e  q u a l i t a t i v e  b e h a v i o r  of t h i s  r a t i o  i n  
t h e  whole t e m p e r a t u r e  r e g i o n  below T  and b e l i e v e  i t  t o  p o s s e s s  a  
C 
minimum a t  some tempera tu re  n o t  v e r y  f a r  below Tc. Comparison between 
our  c a l c u l a t i o n  and some o t h e r  p r e s e n t l y  e x i s t i n g  t h e o r i e s  a r e  a l s o  
made. F i n a l l y ,  rwo c r i r e r i a  concerning r h e  optimum n u c l e a t i o n  modes 
a r e  s t u d i e d .  
THE RATIO OF SURFACE TO BULK NUCLEATION CRITICAL FIELDS, 
Hc3'Hc2' FOR PURE SUPERCONDUCTORS I N  THE NON-LANDAU-GINZBURG REGION 
by 
Chia-Ren Hu 
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5 ,  Q u a l i t a t i v e  i n t e r p o l a t i o n  of t h e  c r i t i c a l  f i e l d  r a t i o  
H / (1 .695 H ) a t  i n t e r m e d i a t e  t empera tu res .  Also 
c  3 c  2  
shown a r e  t h e  h i g h  (T : T  ) and t h e  low (T 2 0 ° K )  
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i n t e r m e d i a t e ,  . . , . . . . . . . . . . . e . . . . . . . . . . . . .  ~~., . . . . . . . . . . . . .  147 
INTRODUCTION AND SUMNARY 
The phenomenon of s u r f a c e  s u p e r c o n d u c t i v i t y  was f i r s t  p r e d i c t e d  
t o  e x i s t  by Saint-James and de Gennes i n  1963,' on s t u d y i n g  i d e a l  
superconduc t ing  samples i n  t h e  Landau-Ginzburg (L-G) r e g i o n ,  i . e .  when 
t h e  t empera tu re  T i s  v e r y  c l o s e  t o  t h e  c r i t i c a l  t empera tu re  T . A t  
C 
t h a t  t i m e ,  i t  was a l r e a d y  well-known t h a ~  t h e  b u l k  superconduc t ing  
s t a t e s  can on ly  p e r s i s t  f o r  magnet ic  f i e l d  s t r e n g t h s  below c e r t a i n  
c r i t i c a l  v a l u e s ,  namely H f o r  type  I s u p e r c o n d u c ~ o r s ,  and Hc2 f o r  
C 
t y p e  I1 superconduc tors ,  and i t  was assumed t h a t  above t h e s e  c r i t i c a l  
f i e l d s  t h e  whole sys tem w i l l  r e t u r n  t o  normal ,  But Saint-James and 
de  Gennes d i s c o v e r e d  t h a t  f o r  a q u i t e  l a r g e  c l a s s  o f  s u p e r c o n d u c t o r s ,  
i n c l u d i n g  some t y p e  I superconduc tors  and a l l  t y p e  I1 s u p e r c o n d u c t o r s ,  
a  t h i n  s h e a t h  of superconduc t ing  regfon  can c o n t i n u e  t o  e x i s t  on some 
p a r t  of t h e  sample n e a r  i t s  s u r f a c e ,  when t h e  magne t ic  f i e l d  s t r e n g t h  
is  above ~ h e s e  c r i t i c a l  v a l u e s ,  namely H o r  H i f  t h e  magnet ic  
c  c2 ' 
f i e l d  is a p p l i e d  p a r a l l e l  t o  t h e  s u r f a c e .  (For terminology and a 
good i n t r o d u c t o r y  c o u r s e  i n  s u p e r c o n d u c t i v i t y ,  t h e  r e a d e r  i s  recom- 
mended t o  t h e  book by de  ~ e n n e s ~ )  . T h i s  new superconduc t ing  s t a t e ,  
c a l l e d  s u r f a c e  s u p e r c o n d u c t i v i t y ,  was p r e d i c t e d  t o  p e r s i s r  u n t i l  
a n o t h e r  c r i t i c a l  f i e l d  i s  reached ,  which i s  c a l l e d  H 
c3 * 
We remind the  r e a d e r s  c h a t  H c a l l e d  t h e  thermodynamic c r i t i c a l  
c 
f i e l d ,  i s  t h e  magnet ic  f i e l d  a t  which t h e  condensa t ion  energy of a  
homogeneous superconduceor  i s  exactly compensated by t h e  t o t a l  f r e e  
- L- 
enehgy increase due to the excLusrnn of rnagnecJc f l a x  from inside 
the whole sarnple. On r he o ~ h e r  hand, K C Z P  c d i i e d   he upper  c r a t t c a l  
f i e l d  o r  t h e  b u l k  n u e l e a r ~ o n  c r l r a c a l  i b e l d ,  1s rhe magnecac f i e l d  
a t  and below which a  l o c a l i z e d  superconduc t ing  r e g i o n ,  u s u a l l y  a  
t h i n  l a y e r ,  can e x i s t  deep i n s i d e  a  b u l k  sample.  A superconduc t ing  
sample i s  c l a s s i f i e d  a s  t y p e  I ,  o r  t y p e  11, depending on whether  Hc2 
f s  s m a l l e r ,  o r  g r e a t e r ,  t h a n  H . 
C 
The newly d i s c o v e r e d  c r i t i c a l  f i e l d ,  Hc3'  can b e  d e f i n e d  i n  
c l o s e  analogy w i t h  t h e  c r i c i c a l  f i e l d  H c2 Thar i s ,  i t  i s  t h e  
magnet ic  f i e l d  at  and below which,  a  l o c a l i z e d  superconductfng r e g i o n ,  
u s u a l l y  a t h i n  l a y e r  a l s o ,  can e x f s r  n e a r  a  sample s u r f a c e ,  which i s  
p a r a l l e l  t o  t h e  f i e l d .  It is  t h e r e f o r e  named a s  t h e  s u r f a c e  n u c l e a t i o n  
c r i t i c a l  f i e l d .  
The phase  t r a n s i t i o n ,  t h a t  o c c u r s  a t  H = Hc3 l i k e  t h e  one a t  
H = H is  found r o  be of second o r d e r ,  which means t h a t  t h e  super -  
c2 ' 
conduct ing p a i r  ampl i tude ,  o r  t h e  magnitude of t h e  o r d e r  pa ramete r ,  
w i l l  d rop  t o  z e r o  c o n t i n u o u s l y ,  b e f o r e  t h e  s u r f a c e  (bulk)  super -  
conduct ing s t a r e  d i s a p p e a r s ,  a s  r h e  magnecic f i e l d  H reaches  H 
c3  
(H ) from below. The magnitude of che o r d e r  parameter  i s  r h e r e f o r e  
c  2 
i n f i n i t e s i m a l l y  s m a l l ,  everywhere i n s i d e  r h e  sample,  f o r  H i n  t h e  
v i c l n i t y  of H (Hc2). 
c  3 
This  f a c t  al lowed Saint-James and d e  Gennes r o  compuize t h e  e x a c t  
v a l u e  of H i n  t h e  L-G r e g f o n ,  w i ~ h  n o t  t o o  much d i f f i c u l t y .  They 
c 3 
found t h a t  t h e  r a t i o  of Hc3 t o  Hc2 i s  always e q u a l  so 1 .695 ,  o r  
roughly 1 , 7 ,  independent  of rhe c h a r a c t e r i s t i c  pa ramete rs  of  che 
sample ,  such as azs  c r i r i c a l  semperardre T i t s  z e r o  t empera tu re  energy 
c ' 
gap l l o ,  ~ t s  RCS coherence Iengch f and I L ~  L-G parameter K ,  e t c , .  
o 
2 (see a g a i n  ref, f o r  L I I ~  d e f i n i i . i o n  of ~hesc q u a r ~ t i t i e a ; , )  
For type  I. supercond.i ictors,  w l ~ h  r ;hel r  K s m a l l e r  ehan H 
t 2 c ' 
r h e r e  a l s o  e x i s t s  r h e  p o s s i b i l a r y  f o r  H t o  b e  s m a l l e r  t h a n  H c .  
c3  
I f  t h f s  happens ,  s u r f a c e  s u p e r c o n d u c t i v i t y  w i l l  n o r  e x i s r  i n  such  
a  sample. But i f  one reduces  t h e  magneric f i e l d  g r a d u a l l y  from 
above t o  below H and i f  non-uniformiry of t h e  sample ,  of t h e  
c 
a p p l i e d  f i e l d ,  of t h e  rempera tu re  d i s t r i b u t i o n ,  and s m a l l  e x t e r n a l  
d i s t u r b a n c e s  a r e  a l l  c a r e f u l l y  avo ided ,  a  mecastably  supercoo led  
normal s t a t e  may be  o b t a i n e d  u n r i l  a  lowes t  p o s s i b l e  f i e l d  i s  
reached ,  which i s  d e f i n e d  a s  t h e  s u p e r c o o l i n g  c r i t i c a l  f i e l d .  For 
t h e  c a s e  when H i s  p e r p e n d i c u l a r  t o  t h e  sample s u r f a c e ,  t h i s  super-  
c o o l i n g  c r i t i c a l  f i e l d  i s  H s i n c e  a t  m his f i e l d    he normal s t a t e  
~2  
becomes u n s t a b l e  a g a i n s r  spontaneous  n u c l e a r i o n  o f  i n f i n i t e s i m a l  
superconduc t ing  r e g i o n s ,  But f o r  t h e  c a s e  when H i s  p a r a l l e l  t o  
t h e  s u r f a c e ,  Saint-James and de Gennes p o i n t e d  oue t h a t  t h i s  super-  
c o o l i n g  c r i t a c a l  f i e l d  shou ld  rhen be  H s i n c e  f o r  t h i s  c a s e  
c3 ' 
n u e l e a r i o n  n e a r  t h e  sample s u r f a c e  1s e a s i e r ,  and c h e r e f o r e  o c c u r s  
e a r l i e r ,  than  n u c l e a c f o n  i n s i d e  t h e  b u l k .  
The d i s c o v e r y  of s u r f a c e  s u p e r c o n d ~ c r i v i c y  and t h e  r e l a t i o n s h i p  
Hc3 = 1 . 7  x  Hc2  l e a d  Saint-James and de Gennes t o  s u c c e s s f u l l y  e x p l a i n  
a  number of d i s c r e p a n c i e s  between r h e o r i e s  and exper iments  (such a s  
t h e  a p p a r e n t l y  t o o  h i g h  v a l u e s  of t h e  measured s u p e r c o o l i n g  f i e l d  of 
cype I s u p e r c o n d u c t o r s ) ,  and between exper imenrs  of d i f f e r e n t  t y p e s  
(such as the d r s a g r e e r n e n ~  becween the v a l u e s  f o r  r h e  upper c r i c i c a l  
f i e l d  of a eype 11 s u p e r c o n d u e c o r ,  as dktermrned by v a n i s h i n g  of t h e  
rnagnetlc moment and cixi dppeaiance ok r e s r s t r v l r y ) .  (References on 
i 
rhese can be found an e h e l r  o r i g ~ n a l  pager, ) U h e ~ r  r e s u l r s  a r e  
t h u s  conssdered as w s l  i - e s r a b l l s h s d  ( s e e  t h e  d756ussrons l n  r e f ,  3 
and t h e  abundanc references crred t h e r e , )  
Subsequenr iy ,  t h e  r e s ~ i i t  H = 1 - 7  Hc2 was f u r s h e r  extended 
c  3  
t o  a l l  t empera rures  f o r  d i r t y  superconduc tors  ( i , e .  when t h e  e l e c t r o n  
mean f r e e  p a t h  due t o  i m p u r i t i e s ,  t ,  i s  cc 6 , by ~ a k i '  and by 
0 
de  ~ e n n e s ~  independen t ly .  
Saint-James and de  Gennes' t h e o r y  i s  v a l i d  f o r  weak coupl ing  
superconduc tors  o n l y ,  s o  a r e  Makf 's  and de  Gennes' e x t e n s i o n s  t o  
6 d i r t y  superconduc tors .  Recen t ly ,  however, E i i e n b e r g e r  and Ambegaokar , 
a s  w e l l  as Yorke and ~ a r d a s i s ~  have shown t h a t  even f o r  s t r o n g  coupl ing  
L 
s u p e r c o n d u ~ t o r s , ~  t h e  r a t i o  Hc3/Hc2 = 1 . 3  s t i l l  h o l d s  i n  t h e  L-G 
r e g i o n .  
The exper iments  of Rosenblum and ca rdonag ,  and of Tomasch 1 0  
i n d i c a t e ,  however, t h a r  t h e y  might have observed a  d e v i a t i o n  of t h e  
r a t i o  H cg /Hc2  from t h e  p r e d i c t e d  v a l u e  1 . 7 .  The samples t h e y  used 
a r e  p u r e  P b  and P b  w i t h  a  few p e r c e n t  of T l ,  which belong t o  t h e  
s t r o n g  coupl ing  ca tegory .  T h e i r  conc lus ions  were drawn from d a r a  f o r  
r e l a t i v e l y  p u r e  samples o u r s i d e  t h e  L-G r e g i o n .  
S i n c e  t h e  p o s s i b i l i r y  of t h i s  apparen t  d e v i a t i o n  b e i n g  due t o  
s t r o n g  coupl ing  e f f e c t s  h a s  been r u l e d  o u r ,  we s u s p e c t  c h a t  i t  could 
be  because  t h e  samples a r e  n o t  i n  t h e  L-G r e g i o n  n o r  i n  t h e  d i r t y  
l i m i t ,  e s p e c i a l l y  s i n c e  H i n  t h i s  c a s e  h a s  never  been e x p l o r e d .  
c3 
IE i s  t o  t h i s  quesLaon c h a t  w e  have addressed o u r s e l v e s  i n  
t h i s  t h e s i s *  U n f o r t u n a t e l y ,  t o  s t u d y  s u p e r c o n d u c t i v i t y  i n  t h e  low 
sempera rure ,  p u r e  limrs i s  much more d r f f i c u l ~  than  o s h e r  c a s e s .  To 
ssrudy s u r f a c e  nucieacion, w e  muse c o n s i d e r  samples w?i rh  b o u n d a r i e s ,  
which eorngl~cates  t h e  p r o b l e m  even more, We r h e r c f o r e  can on ly  
c a l c u l a ~ e  i.i f o r  p u r e  san lp les  az t w w  L i n r ~ ~ i n g  eemperatrtte 6 3  
r e g i o n s ,  i , e .  f o r  T = O " K ,  and f o r  T n e a r  t h e  L-G r e g i o n .  For 
t h e  former c a s e ,  Hc3 can on ly  be  e s t i m a t e d  by a  v a r i a t i o n a l  ap- 
proach,  which i n d i c a t e s  thae  a t  T  = O°K,  t h e  r a t i o  H 
c3IHc2 is 
> 1 .93  wf th  a  v a n i s h i n g  i n i t i a l  s l o p e  w . r , t .  T ;  w h f l e  f o r  t h e  
- 
5 / 2  l a t t e r  c a s e ,  t h e  r e s u l t s  we g e t  f o r  H a r e  e x a c t  t o  o r d e r  (1- t )  , 
c  3  
where t E T/T i s  t h e  reduced t e m p e r a t u r e ,  which i n d i c a t e s  t h a t  a s  T 
c  
j u s t  b e g i n s  t o  drop below t h e  L-G r e g i o n ,  t h e  i n i t i a l  tendency of 
t h e  r a t i o  H c3/Hc2 i s  t o  drop below i t s  v a l u e  i n  t h e  L-G r e g i o n ,  i , e .  
1 . 7 ,  w i t h  n o t  a  n e g l i g i b l e  r a t e .  Comparing t h i s  conc lus ion  w i t h  our  
low tempera tu re  r e s u l t s ,  we f i n d  t h a t  a s  T i s  f u r t h e r  reduced below 
Tc, t h e  r a r i o  H c3IHc2 i s  necessa ry  t o  i n c r e a s e ,  p a s s  t h e  v a l u e  1 . 7  
a g a i n  a t  some T T and f i n a l l y  approach some v a l u e  roughly e q u a l  
X c  ' 
t o ,  o r  s l i g h t l y  l a r g e r  t h a n ,  1 . 9 3  h o r i z o n t a l l y ,  a s  T  approaches 0 ° K .  
We emphasize t h a t  t h e s e  r e s u l c s  p e r t a i n  t o  a s e m i - i n f i n i t e  sample 
s e p a r a t e d  from a  vacuum o r  an i n s u l a t o r  by a  s p e c u l a r l y  r e f l e c t i v e  
p l a n e  boundary p a r a l l e l  r o  rhe  a p p l i e d  magne t ic  f i e l d .  
Le t  us  now b r i e f l y  summerize t h e  major  c o n t e n t s  of t h e  l a t e r  
c h a p t e r s  : 
' I n  c h a p t e r  11, we f i r s t  revfew some prev ious  work which i s  
c l o s e l y  r e l a t e d  t o  t h e  p r e s e n t  c a l c u l a t i o n .  It i n c l u d e s  t h e  
Saint-James and d e  Gennes' c a l c u l a s i o n  of H i n  t h e  L-G r e g i o n ,  1 
c  3 
w i t h  t h e  d i r t y  l i m i r  c a s e b t 5  ve ry  b r i e f l y  ment ioned,  S o r ' k o v ' s  
11 
microscop ic  cheory of s u p e r c o n d u c s ~ v i c y  which forms t h e  b a s i s  of 
our p resene  c a l c ~ ~ l a t i o n ,  and Helfand and I ? e r ~ h e r m e r ' s  c a l c u l a t i o n  
of  N ar a l l  remperatur-es 'ieluw 7 (for pure  samples o n l y ) ,  which 
c 2 b 
s e r v e s  a s  an 11Lmcra t io r r  of  the u s e  of Gor 'kov 's  r h e o r y ,  and as a 
gu ide  co o u r  presenE work ,  
I n  c h a p r e r  111, we f i n d  r h e  rhermal  Green's f u n c t i o n 1 3  of a  
normal e l e c t r o n  i n  our  s e m i - i n f i n i t e  sample,  by means of a  g e n e r a l i z e d  
method of images.  
I n  c h a p t e r  I V ,  we u s e  t h e  t h e r m a l  Green 's  f u n c t i o n s  found i n  t h e  
p r e v i o u s  c h a p t e r  t o  o b r a i n  Gor ' k o v ' s  l i n e a r i z e d  gap equa t ion13  (LGE) 
a p p r o p r i a t e  f o r  s t u d y i n g  n u c l e a t i o n  phenomena i n  such  a  sample. The 
lowes t  e i g e n v a l u e  of t h i s  homogeneous i n t e g r a l  e q u a t i o n  i s  r e l a t e d  t o  
Hc3. A boundary c o n d i t i o n  ( B . C . )  i s  found from t h i s  e q u a t i o n ,  which t h e  
p a i r  wave f u n c t i o n  o r d e r  parameter  must always s a t i s f y .  The e q u a t i o n  i s  
t h e n  shown t o  b e  n o t  e q u i v a l e n t  t o  H e l f a n d  and Werthamer's d i f f e r e n t i a l  
e q u a t f o n  f o r  H 12 c 2 ,  p l u s  any B X . .  F i n a l l y ,  t h e  e q u a t i o n  i s  used t o  
c a l c u l a t e  H and t h e  r a t i o  H c31Hc2 a r  T  = O G K  and f o r  T  O°K,  by 
c 3  
v a r i a t i o n a l  and p e r t u r b a t i o n a l  methods r e s p e c t i v e l y .  Some d i s c u s s i o n s  
on t h e  c u r r e n t - c a r r y i n g  n u c l e a t i o n  s t a t e s  a r e  a l s o  made. 
I n  c h a p t e r  V ,  we t u r n  r o  t empera tu res  n e a r  L-G r e g i o n .  We f i r s t  
show t h a t  our  LGE i s  e q u i v a l e n t  t o  r h e  l i n e a r i z e d  L-G e q u a t i o n 1 4 ,  and t h e  
B . C .  used by Sainr-James and de  ~ e n n e s l  f o r  c a l c u l a r i n g  H i n  t h e  L-G 
c  3  
r e g i o n ,  i f  (1-t) i s  n e g l i g i b l e  compared w i t h  1. We t h e n  c a l c u l a t e  cor-  
r e c t i o n s  t o  H and Hc3 /Hc2 t o  t h e  f i r s t  two non-vanishing o r d e r s  i n  
c3  
( 1 - t ) l I 2 ,  when t h e  rempera tu re  i s  s l i g h t l y  below t h e  L-G r e g i o n .  A t  
t h e  end of t h i s  c h a p t e r ,  we p r e s e n r  a  comparison of t h e  r e s u l t s  and 
conc lus ions  of t h i s  c h a p t e r  t o  some p r e s e n t l y  e x i s t i n g  t h e o r i e s .  
I n  c h a p t e r  V L ,  we d i s c u s s  two c r i t e r i a  t h a t  c h a r a c t e r i z e  t h e  phys- 
i c a l l y  most f a v o r a b l e  modes of  n u c l e a c l o n ,  ehe p r o o f s  from f i r s r  p r i n c i -  
p l e s  i n   he L-G r e g i o n ,  and the p o s s i b i l s t y  of extending them t o ,  and us- 
i n g  shem a & ,  lower  cemperar tires" 
7 
FxnaLEy, in chapte r  VII, we col lect -  a11 major concLushons and 
resul~s f rom aLL prevzous c h a p ~ e r s ,  together wit11  a discussion on 
t h e  p o s s i b l e  e x t e n s i o n s  of the  p r e s e n r  c a l c u l a t i o n .  
REVIEW OF PREVIOUS WORK AND FORMULATION OF THE PROBLEM 
Hc3 i n  t h e  Landau-Ginzburg Region and i n  t h e  D i r t y  L imi t  
1 We f i r s t  review t h e  work of Saint-James and d e  Gennes, on 
t h e  c a l c u l a t i o n  of H i n  t h e  L-G r e g i o n  ( i . e .  when T  -Tc<T ) . 
c3  C C 
I n  t h e  L-G r e g i o n ,  i t  i s  w e l l  known ( s e e  f o r  example r e f .  2, 
t h a t  s u p e r c c ~ n d u c t i v i f y  i s  governed by t h e  phenomenological  L-G 
e q u a t i o n  ,I4 which i s  i n  g e n e r a l  non- l inear  . For d i s c u s s i n g  t h e  
n u c l e a t i o n  problem, we assume t h e  s t r e n g t h  o f  s u p e r c o n d u c t i v i t y  t o  
b e  everywhere i n f i n i t e s i m a l l y  s m a l l ,  s i n c e  we a r e  askfng  f o r  t h e  
f i e l d  a t  which i t  i s  ~ u s t  p o s s i b l e  f o r  s u p e r c o n d u c t i v i t y  t o  be  
p r e s e n t ,  We can t h e r e f o r e  s t a r t  from t h e  l i n e a r i z e d  v e r s f o n  of t h e  
e q u a t i o n  which we w r i t e  i n  t h e  fo l lowing  form: 
where m and e  a r e  t h e  magnitudes of t h e  e l e c t r o n  mass and charge ,  
and t - T/T . We u s e  u n i t s  i n  which45 = c = k = 1, where k  i s  t h e  
c B B 
Boltzmann c o n s t a n t .  
T h i s  e q u a t i o n  i s  w r i t t e n  i n  a  form f i r s t  o b t a i n e d  by Gor 'kov, 1 5  
when h e  d e r i v e d  t h e  L-G e q u a t i o n s  from h i s  mic roscop ic  t h e o r y  of 
s u p e r c o n d u c t i v i t y .  l1 It d i f f e r s  from t h e  c o n v e n t i o n a l  form by 
u s i n g  (2m) and (2e) instead of the phenomenological. e f f e c t i v e  mass and 
charge parameters: m* and e*,  and by u s i n g  t h e  m i c r o s c o p i c a l l y  d e f i n e d  
n 
"gap f u n c t i o n " ,  o r  b e ~ t e r  the ""pal& wave funcc~on order  parameter i ' ,  
T 
A(r> (see section 2 tor microscop~c definrrion), r n s t e a d  of a 
phenomenological  o r d e r  parameter  I,IJ(;). I n  fac r ; ,  A(;) d i f f e r s  from 
--f -f -f $ ( r )  by a numer ica l  c o n s t a n t ,  But n o r m a l i z a t i o n  of A(r)  o r  $ ( r )  does  
n o t  i n t e r e s t  u s  f o r  our  p r e s e n t  c a l c u l a t i o n .  8 i s  merely  a  temperature-  
2  15 independent  c o n s t a n t ,  For p u r e  samples ,  i t  i s  e q u a l  t o  7 5 ( 3 ) ~ ~ / 6 ( 7 ~ T ~ )  , 
w i t h  ~ ( n )  be ing  t h e  Reimann z e t a  f u n c r i o n .  I f  we i n t r o d u c e  now t h e  
BCS coherence l e n g t h  l6 = vF/(2nTc) ( n o t i c e  t h e  s l i g h t  d i f f e r e n c e  from 
0 
-1 i t s  c o n v e n t i o n a l  d e f i n i t i o n ,  I n s t e a d  of 0 .18,  we have (2n) a s  t h e  
2 
numer ica l  f a c t o r ) ,  we observe  t h a t  B i s  of t h e  o r d e r  of m< 
0 
The n u c l e a t i o n  c r i t i c a l  f i e l d  i s  t h e  f f e P d  i n  which a  l o c a l  
superconduc t ing  r e g i o n  can b e g i n  t o  grow, i t  i s  t h e r e f o r e  t h e  h i g h e s t  
f i e l d  i n  which eq .  (11-1) h a s  a  non-zero s o l u t i o n .  We f i r s t  c o n s i d e r  
an i n f i n i t e  sample i n  a  uniform magnet ic  f i e l d  H a long  t h e  p o s i t i v e  
-f -+ 
y d i r e c t i o n ,  Choose t h e  gauge ( c a l l e d  gauge A) such  t h a t  A( r )  = 
(HZ, 0 ,  0 ) ,  we f i n d  t h e  e i g e n f u n c t i o n s  t o  b e  of t h e  form: 
A ( = exp [ i  (kxx + k y) ] f  (Z) , Y 
where f ( z )  s a t i s f i e s :  
2  2  k  2  1 d f ( z ) +  (2m) wL 
- -  
2 (1 - t>  
4m dz 2  (z-zo) f ( z )  = LT - L] f ( z ) ,  4m (11-3) 
w i t h  w = (2e)H/(2m),  and Zo = - kx/(2eH).  L 
E q *  (11-3) i s  n o t h i n g  b u t  t h e  Schr8dinger  e q u a t i o n  of a  harmonic 
o s c i l l a ~ o r  of mass (2m) and c h a r a c t e r i s r t i c  f requency  w w i t h  t h e  L > 
p o r e n t i a l  w e l l  cencered a t  z . I n  o r d e r  f o r  e q ,  (11-3) t o  have a 
0 1, 2 n 1-L y 
non-zero s o l u r i o n ,  r h e  "e igenvalue"  - ri,] must be e q u a l  t o  an 
I 
odd i n t e g e r  multaple of - 2 U 1 ~ p  whxch re laces  H and T, The b u l k  
nucEea~~on c r l e r c a l  i ~ e l d ,  Eic2 bel irg defined as r h e  Largest f i e l d  
among a l l  p o s s i b l e  n u c l e a ~ a o n  modes, f o r  which e q ,  (11-3) h a s  a  
non-zero s o l u t i o n  i s  t h e r e f o r e  g i v e n  by t h e  ground s t a t e  s o l u t i o n  of 
(11-3) w i t h  k - 0 :  
Y 
which i s  d e g e n e r a t e  w . r . c .  z  o r  kx9 a s  i s  expec ted  from t r a n s l a t i o n a l  
0 
i n v a r i a n c e .  
We now t u r n  t o  t h e  c a s e  of a  s e m i - i n f i n i t e  sample occupying 
t h e  h a l f - s p a c e  z - > 0 w i t h  3 s t i l l  p a r a l l e l  t o  y -ax i s .  The r e g i o n  
z < 0 i s  assumed t o  be  a  vacuum o r  an  i n s u l a t o r .  I n  t h i s  c a s e  eq.  
(11-1) i s  v a l i d  o n l y  i n  t h e  r e g i o n  z 2 0 and we must have a  boundary 
c o n d i t i o n  (B.C.) on t h e  s u r f a c e  z = 0 i n  o r d e r  t o  f i n d  unique 
s o l u t i o n ,  It was sugges ted  i n  G-L's o r i g i n a l  paper  through g e n e r a l  
c o n s i d e r a t i o n s  on t h e  t o t a l  f r e e  energy  of t h e  sample,  t h a t  t h e  
B . C .  shou ld  b e ,  t o  a  good approximation: 
independent  o f  t h e  d e t a i l e d  n a t u r e  o f  t h e  s u r f a c e .  
A more r i g o r o u s  j u s t i f i c a t i o n  of t h i s  B . C .  w i l l  be  s u p p l i e d  
l a t e r ,  For t h e  p r e s e n r  moment, we can s imply t a k e  i~ a s  a  p l a u s i b l e  
assumption.  
Going t o  t h e  s p e c i a l  gauge a s  b e f o r e ,  we g e t  a g a i n  the  t y p e  of 
s o l u t i o n s  given by (11-2) wsch f ( z )  s a t i s f y i n g  (11-3) i n  t h e  r e g i o n  
z - I 0 t o g e ~ h e r  wick t h e  B , C .  
This rs equkvaLenr t o  the quancun r~ l echan f i a l  paoblem of  a 
double  harmonic o s c i l l a t o r  ( s e e ,  f o r  example, ~ e r z b a c h e r  ,I7 Ch. 5) . 
Def in ing  t h e  d imens ion less  v a r i a b l e s :  
1 t h e  ground s t a t e  w i t h  k = 0 h a s  e igenva lue  YE ( < o ) ~ L ,  and e i g e n f u n c t i o n  
Y 
g i v e n  by t h e  p a r a b o l i c  c y l i n d e r  f unction2'  (un-normalized) : 




= 0,96818 where E ( G  ) = co = coM = 0.59010.' Using t h e  OM 
n o t a t i o n  H ( <  ) t o  d e n o t e  t h e  c r i t i c a l  f i e l d  f o r  t h e  p a r t i c u l a r  
c N  o 
n u c l e a t i o n  mode c h a r a c t e r i z e d  by cO ,  It i s  s e e n  t h a t  t h e  s u r f a c e  
nuc leaefon  c r i t i c a l  f i e l d  H i s  g iven  by t h e  maximum v a l u e  of H 
c3 c // 
( i o )  a s  5, v a r i e s  between -m and +a. The f u n c t i o n  H (T) i s  t h e r e f o r e  
c  3 
given  by 
Comparing (11-4) w i t h  (11-9),  we conclude t h a t  
Th is  i s  where t h e  magic number 1 , 6 9 5  ( o f t e n  r e f e r r e d  t o  as 1 . 7 )  came 
f rom.  As  i s  s e e n ,  ~t i s  i n t r ~ n s i e l y  r e l a t e d  LO t h e  d i f f e r e n t i a l  
e q u a t l o n  ( 1 1 - I ) ,  and t h e  B . C ,  (11-5)- 
12 
l r  IS worthwhile ar r h ~ s  pQLnr  t o  make izhe f o l l o w ~ n g  few 
remarks : 
1) An equivalent procedure  I n  rnaklng rhese ~ w o  c a l c u l a t i o n s  Is 
t h e  f o l l o w i n g :  
We s t a r c  by choosing t h e  fo l lowing  gauge (gauge B) s o  t h a t :  
+ + 
A(r)  = (H(z-zo) , 0 ,  0) , (11-11) 
and we can t h e n  l i m i t  o u r s e l v e s  t o  e i g e n f u n c t i o n s  A(;) which a r e  
a c t u a l l y  f u n c t i o n s  of z o n l y ,  s o  f a r  a s  t h e  n u c l e a t i o n  c r i t i c a l  f i e l d s  
of t h e  p h y s i c a l l y  most f a v o r a b l e  modes a r e  concerned.  E q .  (11-3) can 
t h e n  b e  reproduced ( w i t h  k  = O ) ,  b u t  t h i s  t ime  i t  i s  an e q u a t i o n  f o r  
Y 
A(z) i t s e l f .  E q .  (11-6) a l s o  becomes t h e  B , C .  on h ( z ) .  A 1 1  of t h e  
r e s u l t s  of t h e  f i r s t  approach f o l l o w  a g a i n  i n  t h i s  new approach.  I n  
f a c t ,  i t  can be  shown by g e n e r a l  arguments based on gauge i n v a r f a n c e  
and t r a n s l a t i o n a l  i n v a r i a n c e  a long  d i r e c t i o n s  p e r p e n d i c u l a r  t o  t h e  
s u r f a c e ,  t h a t  c h i s  e q u i v a l e n t  approach i s  always v a l i d  whether  t h e  
sys tem i s  i n  t h e  L-G r e g i o n  o r  n o t .  From now o n ,  we s h a l l  always 
c a l c u l a t e  r h i n g s  i n  t h i s  new gauge.  The r e a d e r  shou ld  always keep 
i n  mind t h e  o r i g i n  of t h e  pa ramete r  z I n  gauge B by r e f e r r i n g  back 
0 
t o  gauge A. 
2 )  For an  f n f i n i t e  sample ,  che c e n t e r  of n u c l e a t i o n  i s  e x a c t l y  
g i v e n  by z , For a s e m i - i n f i n i t e  sample,  t h i s  i s  s t i l l  roughly t r u e ,  
0 
excep t  when z < 0 ,  f o r  which che p a i r  wave f u n c ~ i o n  can a t  most peak 
0 
s h a r p e r  and s h a r p e r  a t  t h e  s u r f a c e ,  when z  i s  f u r t h e r  reduced.  From 
0 
now on, we s h a l l  always c a l l  z " t h e  c e n t e r  of n u c l e a t i o n "  whether  
0 
t h e  sys tem i s  i n  t h e  L-G r e g i o n  o r  n o t .  The r e a d e r  i s  cau t ioned  n o t  
eo rake  i t s  meaning t o o  iiterally. 
13 
3) By looking ac r h e  solutrons, we see chat for boeh rhe 
infinite and t h e  semi-lnflnzre sample, the p a f r  wave functions for 
rhe opcirnurn modes possess ~ h e  foliowing p r o p e r r y :  
everywhere inside the sample, where i = x, y, z ,  and 
. In fact, by examining the differential equation, we can see that this 
property is possessed by all low lying nucleation modes, for all sample 
geometries and field arrangements, so long as T remains in the L-G 
region. (i) 
Since in the L-G region, 1-ti~l, z Co(l-t) 5~ -1/2>>c CI ' we shall 
call the pair wave function "slowly varying at if (11-12) is 
4= 
satisfied at r, and "everywhere slowly varying" if (11-12) is 
sattsfied everywhere inside the sample, This nomenclature will be 
used even when the temperature is slightly too small to be in the 
L-G region, fee. when we are only "near" the L-G region, Notice 
that the statement (11-12) is gauge invariant. 
It will be shown later that when T is only near the L-G region, 
the bulk nucleation modes still have this property everywhere inside 
the sample, but for surface nucleation modes, this property no 
longer holds within a distance of the order of 5 from the surface, 
0 
as terms of order ( ~ - t ) ~ / ~  gets no longer negligible compared with 1. 
We now turn to the dirty limir case, i.ee when the impurity 
mean free path R tends to zero compared wirh 5 . Wirhout going 
0 
through all of ehe details chis rime, we shall only point out that 
14 
5 both  de Gennes and ~ a k l ~  have shown that i n  i h e  d i r t y  l i m i i ,  super -  
conductsvi.iy 1s again  governed by a n  equation of ~ l l c  type gciven by 
(11- I ) ,  f o r  a l l  r empera tu res  below T c  t h f s  t ime ,  excep t  t h a r  a more 
1 
complicated f u n c t i o n  of t empera tu re  shou ld  r e p l a c e  t h e  f a c t o r  - (1- t )  B 
i n  t h e  r i g h t  hand s i d e  of (11-1). An immediate consequence of t h i s  
d i s c o v e r y  i s  t h a t  a l though  b o t h  H and Hc3 change t h e i r  t empera tu re  
c2 
dependence,  t h e i r  r a t i o  i s  n e v e r t h e l e s s  a g a i n  g iven  by t h e  s imple  
e x p r e s s i o n  ( 1 1 - l o ) ,  and t h i s  t ime  ic i s  t r u e  f o r  a l l  t empera tu res  
below T ! 
c 
Gor 'kov 's  Microscop ic  Theory of S u p e r c o n d u c t i v i t y  
To c a l c u l a t e  H o u t s i d e  o f  t h e  L-G r e g i o n  and t h e  d i r t y  l i m i t ,  
c  3 
we must r e l y  upon some microscop ic  t h e e r y  of s u p e r c o n d u c t i v i t y .  The 
b e s t  one a v a i l a b l e  t o  s e r v e  our  purpose  i s  due t o  ~ o r ' k o v "  s i n c e  i t  
a l lows  s p a t i a l l y  inhomogeneous s i t u a t i o n s .  
We o u t l i n e  below t h e  m a ~ o r  s t e p s  t h a t  l e a d  t o  Gor 'kov 's  t h e o r y  
( s e e  r e f  .I3 f o r  a  s y s t e m a t i c  i n f  reduction) . 
-t 4- -t 
Employing t h e  second q u a n t i z a t i o n  scheme, l e t  q,(r) and $,(r) 
d e n o t e  t h e  e l e c t r o n  a n n f h i l a t i o n  and c r e a t i o n  o p e r a t o r s  of s p i n  
s t a t e  a i n  t h e  Schrbrdinger r e p r e s e n t a t i o n .  A model Hamil tonian was 
f i r s t  proposed f o r  t h e  sys tem of e l e c t r o n s  i n  a  pure  m e t a l  t o  b e :  
4- + 
where ( $  $1 = $ 9 h = -/h/. 
a a' 
The second term in H i s  assumed co f u l l y  r e p r e s e n t  t h e  phonon- 
mediated interaction t h a t  a c t u a l l y  c a u s e s  t h e  appearance o f  super -  
18 
conducrivity for masc cases (FrohLich ) Tls f l ac - spec t rum,  
chough very  convenrenc e o  work w f ~ h ,  ib neverllleiess coo strong to 
g i v e  any f i n i c e  r e s u l t .  A f requency cuc-off a t  t h e  Debye-frequency 
i s  t h e r e f o r e  needed a t  l a t e r  s t a g e s  i n  o r d e r  t o  make t h i s  model 
r e a l i s t i c .  
The t empera tu re  Green ' s  f u n c t i o n  of a  s i n g l e  e l e c t r o n  i n  t h e  
m e t a l  i s  t h e n  d e f i n e d  i n  t h e  s t a n d a r d  way ( s e e  r e f .  l3 ~ h .  3 f o r  a  
n i c e  p r e s e n t a t i o n . )  : 
-f- 
w i t h  x 3 ( r , ~ )  and T  b e i n g  t h e  imaginary t ime  I o r d e r i n g  o p e r a t o r .  
'L 
T 
% - ) and ) a r e  d e f i n e d  a s  
' b 
- -+ (H- pN) r 4- + - (H-pN) -r 
q a ( r , ~ )  = e  q a ( r )  e  P 
2. L + - -f (Not ice  t h a t  ($a(;,r)) = ( r -  $ (;,TI) and R i s  g i v e n b y  
A * 0: 
(Q+pN-H) /T Sp( e  I = 1. 
The Green 's  f u n c t i o n  p o s s e s s e s  t h e  f o l l o w i n g  g e n e r a l  p r o p e r t y :  
O r ,  s i n c e  t h e  t empera tu re  d re en's f u n c t i o n  can on ly  depend on T-T', 
The Green's f u n c r i o n  can be F o u r i e r  analyzed w , r . t ,  T accord ing  
to, 
so that 
with w = (2n+l)~T. (11-14) then becomes 
n 
Gor'kov's major contribution is to discover that for the 
superconducting state, the following anomalous Green's functions are 
also non-vanf shing : 
J. * 
These are related to one another by F" (2 , ; ' ;~ )  = F (rr,r,~), 
a B Ba 
.L 
-+ -+ 4- -f 
Or, after Fourier transfomatfon w.r.t. I, FaByw (r,r1) = Fga,-w ,r) . 
+ A 
By applying the anti-commutation relations between +, I) , and H, 
and by introducing a generalized Hartree-Fock type of decoupling scheme, 
Gor'kov has been able to obtain the following coupled set of differential 
equations for these Green's functions: 
where che spin-dependence of t h e  Green ' s  f u n c t i o n s  has been s e p a r a t e d  
o u t  according to ithe recipe: 
L 
w i t h  I determined by I = -I and (I ja8  = -6 
aB ' 
The " p a i r  wave 
aB aB Ba ' 
f u n c t i o n "  i s  i n  t u r n  d e f i n e d  t o  be  
-f -Z 
A($)  = l i m  I A [ F ( ~ , T ;  r , ~ ' ) .  
1 ' + T +  
Eqs. (11-18) and (11-19) form a complete s e t  of e q u a t i o n s  f o r  t h e  
--f 
p a i r  wave f u n c t i o n  h ( r )  t o  s a t i s f y .  The e q u a t i o n s  a r e  s e e n  t o  be  
non- l inear  i n  g e n e r a l .  For s t u d y i n g  t h e  n u c l e a t i o n  problem, we can 
a g a i n  l i n e a r i z e  them. Th is  coupled set of e q u a t i o n s  can t h e n  be  
r e p l a c e d  by t h e  f o l l o w i n g  s i n g l e  f n t e g r a l  e q u a t i o n :  
w i t h  
-f i 
and G;O) (r  , r l )  b e i n g  t h e  normal e l e c t r o n  t empera tu re  Green ' s  f u n c t i o n  
which t h e r e f o r e  s a t i s f i e s :  
w i t h  a s i m i l a r  e q u a t i o n  on the v a r i a b l e  ;', which need n o t  be  cons idered  
i f  t h e  g e n e r a l  p r o p e r t y  (11-17) i s  s a t i s f i e d ,  
Eq, (11-20) i s  u s u a l l y  c a l l e d  the  "Linear ized  gap e q u a t i o n  (LGE)" 
1% 
and K ( O '  (; ,;' ) its k e r n e l .  
For  a sarrriple whsch possesses b o u n d a ~ i e s ,  eq, (11-22) i s  s a t i s f i e d  
on ly  w i t h i n  t h e  sample,  and we need B,C,'s KO be  s a t i s f i e d  by 
G'O) (:,;') on t h e  boundary s u r f a c e s .  R e f e r r i n g  back t o  t h e  d e f i n i t i o n  
W 
(0) (+ +, 
of Green ' s  f u n c t i o n s ,  we expec t  t h a t  t h e  B . C .  f o r  G r , r  ) shou ld  b e  
W 
t h e  same a s  t h e  rnieroscopic  B . C .  f o r  t h e  normal conduc t ion-e lec t ron  
wave f u n c t i o n s .  I f   he sample i s  s e p a r a t e d  by t h e  boundary s u r f a c e  
from a vacuum o r  an i n s u l a t o r ,  and i f  t h e  boundary s u r f a c e  i s  s p e e u l a r l y  
r e f l e c t i v e  i n  n a t u r e  ( i . e .  p e r f e c t l y  smooth) ,  we p ropose  t h e  f o l l o w i n g  
s imple  B.C. t o  be a t  l e a s t  a  ve ry  good approximat ion:  
--f -t 
G(O)  ( r  ,rl) I +  = 0. (11-23) 
W Ir on boundary 
Again t h e r e  i s  a  cor responding  B . C .  on ;' which need n o t  b e  cons idered  
i f  (11-17) i s  s a t i s f i e d .  I n  Appendix A we s h a l l  g i v e  a  more d e t a i l e d  
a n a l y s i s  of t h e  c h o i c e  of a  p roper  B . C .  We would l i k e  t o  ment ion 
a n o t h e r  cho ice  of t h e  B . C .  h e r e  which i s  a l s o  d i s c u s s e d  i n  Appendix A: 
-+ -+ ;.[a r +- i e A ( r ) ]  G ~ ~ ) ( ~ , ~ ~ ) I ~  = 0 ,  
Ir on boundary 
where is  a u n i t  v e c t o r  normal t o  t h e  boundary. It t u r n s  o u t  t h a t  
w i t h  t h i s  B . C .  t h e  problem i s  a l s o  s o l v a b l e  a s  a  bonus c a s e ,  and i n  
f a c t ,  i t  g i v e s  t h e  same r e s u l t s  f o r  H 
c 3  ' 
It w i l l  b e  t h e  t e x t  of t h e  n e x t  c h a p t e r  t o  s o l v e  f o r  t h e s e  
Green ' s  f u n c t i o n s  w i t h  r h e s e  B . C +  I s .  
H f o r  P u r e  Samples  ac a l l  Temperatures 
c 2 
We i l l u s ~ r a t e  %he  use of c h e  LGE by revrewing t h e  c a l c u l a t i o n  due 
to i l e l t and  and r*lertharnerl2 o f  B st a l l  remperatkres below T . This 
c 2 c  
work is  a l s o  ve ry  he1piu.L f o r  g ~ i d ~ n g  our j a r e r  development, The 
o r i g i n a l  v e r s i o n  of t h l s  paper  c o v e r s  b o t h  t h e  pure  and t h e  impure 
c a s e s .  We s h a l l  on ly  c o n s i d e r  r h e  p u r e  e a s e  f o r  s i m p l i c i t y .  
To s t a r t ,  one needs t h e  normal e l e c t r o n  t empera tu re  Green ' s  
(0) (+ - f u n c t i o n  g  r 9 r 1 )  f o r  a  p u r e  sample i n  a  uniform magnet ic  f i e l d  
H , w  
6 
H(/ /y ) ,  which h a s  a l r e a d y  been o b t a i n e d  by Gor'kov i n  1960. 69 
He p o l n t e d  o u t  t h a t  i f  one s e t :  
3 -, t 
0 ( , ' )  = g L 0 ) ( r 9 r v )  exp [-iej ; ,  i ( t ) * d Z ] ,  (11-25) g ~ ,  w 
where t h e  p a t h  i n t e g r a l  i n  t h e  phase  f a c t o r  f o l l o w s  a  s t r a i g h t  l i n e  
+ v 
+ 
connec t ing  r and r ,  then by u s i n g  t h e  fo l lowing  o p e r a t o r  i d e n t i t y :  
(A g e n e r a l i z a t i o n  of t h i s  i d e n t i t y  w i l l  be  proved i n  Ch. 111, s e e  eq.  
(111-10) and t h e  proof  fo l lowing  i t . ) ,  one can g e t  t h e  f o l l o w i n g  d i f -  
f e r e n t i a l  e q u a t i o n  f o r  g(') (; ,:') : 
U1 
T h i s  e q u a t i o n  i n v o l v e s  q u a n t i t i e s  of t h r e e  d i f f e r e n r  o r d e r s :  
-t -I ( f o r  s t u d y i n g  s u p e r c o n d u c t i v i t y ,  we r e q u i r e  / r-r' 1 O(t0)  , a f a c t  which 
can be checked - .  a p o s t e r i o r i ,  - we a l s o  i g n o r e  t h e  d i f f e r e n c e  between O(5 ) 
Q 
l 
and O ( 5  ) E 0 (--- H J LeH ) here, s l n c e  chey are now be ing  compared wirh 
0 (p, ) The 1 iw g:"' ] term clearly belongs  t o  t h e  second o r d e r .  To 
- ( 0 )  1 ger. a non-riivlcl s o i u t i o n ,  we must iequrre I--!- ' 1 2 , i  1 - gw I 
-1 2 
O(01 p ) I g:Q' 1 so cha t  ~ h c  i. dependenz rerm can be cancelled out. F 
The dominanr o r d e r  i n  (11-27) i s  rhen che 2nd o r d e r  which comes from 
i e  + + - t -  2  
t h e  c r o s s  terms i n  r h e  expansion of ] O i- - H x  ( r - r ' )  1 . The H 2  
r 2  
2  -1 
t e rm,  b e i n g  p r o p o r t i o n a l  t o  (me o j  which i s  a  f a c t o r  (pF 5 0 j - 1 2 ~ ~ - 3  
t o  s m a l l e r  t h a n  t h e  dominant o r d e r ,  can t h e r e f o r e  b e  n e g l e c t e d .  
Under t h f s  approx imat ion ,  Gorskov f i n a l l y  observed t h a t  eg .  
(11-27) Is  s imply s a t i s f i e d  by t h e  cor responding  z e r o - f i e l d  Green 's  
f u n c t i o n :  
m 1 
(0) , j  = L o )  - 1 j  = - - exp [ ( i p  u) - -)XI I W I  + r-r' + 11 , gw 2n [ r - r f  1 F 1 4  V F 
-* -b 
whfch s a t i s f i e s  (11-22) w i t h  A(r)  5 0 ,  Indeed ,  i f  one s u b s t i t u t e s  
(11-28) i n t o  (11-27),  t h e  c r o s s  terms ( t h e  o n l y  n o n - n e g l i g i b l e  H- 
dependent t e rms! )  s imply v a n i s h  due t o  t h e  f a c t  c h a t  
Having o b t a i n e d  t h e   ree en's f  uncr ion  shrough (11-25) and (11-28) , 
-P S 
che k e r n e l  k  ( r , r f )  of r h e  LGE f o r  an i n f i n i r e  sample i n  a  magnet ic  H 
f i e l d  H can t h e n  be  obcained through (11-27): 
where k ( ~ )  ( 1 ;-I / ) i s  r h e  corresponding zero-f i e l d  k e r n e l  : 
1 2 1 4  -3- ' m 2  (-lr-r' 1 )  1 k(0)( l ; - ; t l )  = z doJ(/~-i?/)  = I A I T ( % )  + "I Xexpi- v 
n UJ / r-r '  I n  F 
The Debye frequency cat-off i s  r e q u i r e d  t o  be  p r o p e r l y  t aken  
care of i n  (I1-30)? However, if one i g n o r e s  cur-off  f o r  t h e  moment, 
(11- 30) can  hen he rediac.ed r o cl ie  f o l l  o w m g  s ln lp l e  form : 
To i n t r o d u c e  t h e  f requency c u r - o f f ,  we sum over  w n on ly  up t o  
t h e  Debye f requency w D ' k(" ( 1 ;-; ' / ) t h e n  a c q u i r e s  an  e x t r a  f a c t o r  of 
2bD -+ * [l - exp - r ) ] .  
F 
Having o b r a i n e d  t h e  k e r n e l  f o r  such a sample ,  one can now zurn 
t o  t h e  LGE i t s e l f :  
Helfand and werthameri2 t h e n  proved t h e  f o l l o w i n g  i d e n t i t y  
-r (assuming t h a t  h ( r )  i s  i n f i n i t e l y  d i f f e r e n t i a b l e ) :  
-+ 
+ 
= exp [(;'-)e$ P jn(p)  I +  +, 
I p = r  
-f 
-+ I + 
where $ 5 V r  + 21e A ( r ) .  
r 
So t h a t  eq.  (11-32) is  changed t o  a d i f f e r e n t i a l  e q u a t i o n  of i n f i n i t e  
o r d e r  (wi th  c o n s t a n t  c o e f f i c i e n t s )  : 
+ 
A(;) = i dZ k'" ( / A / )  exp[$*? r jii(;), (11-34) 
i 
3 +.  --r 
a f t e r  a  change of t h e  dummy v a r f a b l e  ( r - r ' )  E O  R. 
By symmetry r e a s o n i n g ,  rhe o p e r a r o r  on t h e  r i g h t  hand s i d e  of 
(11-30) can only b e  a Cuncrion of r h e  fo l lowzng two s c a l a r  o p e r a t o r s :  
-i "r 7 
1 2  H 1 V r  and 6 (' 1 .  Thar $ w i l l  occur  can b e  s e e n  by expanding H r H 
/ H I  
2 2 
o u ~  rhe e x p o n e n t l a 1  operator ln (11-34) and carrynng out i n r e g r a t l o n s  
over  he direcrbonb o f  x :  
+ . * r e  , 
where a 5 1 % l n  k ( ~ ) ( \  51) dB. 
n  2 
-, 
pb 2  Ti S i n c e  t h e  two o p e r a t o r s  lo,/ and VH can b e  s imul raneous ly  
d i a g o n a l f z e d ,  eq .  (11-34) can e s s e n t i a l l y  b e  s o l v e d  by f i n d i n g  t h e  
s imul taneous  e i g e n f u n c r i o n  o f  r h e  f o l l o w i n g  two e igenva lue  e q u a t i o n s :  
where t h e  c o o r d i n a t e  sys tem i s  chosen a s  b e f o r e ,  
I n  p r a c t i c e ,  one can s e t  k = 0 f o r  c a l c u l a t i n g  n u c l e a t i o n  c r i t i c a l  
Y 
3 
f i e l d s ,  s o  t h a r  n ( r )  becomes independent  of y ,  We t h u s  have reduced che 
s o l u t i o n  of t h e  same rype a s  r h e  l i n e a r i z e d  L-G e q u a t i o n .  Indeed,  i f  
one s u b s t i r u t e s  (11-36) and (11-37) w i r h  k = 0 i n ~ o  eq.  (11-35), t h e  
Y 
f o l l o w i n g  i m p l i c l t  equar ion  f o r  H (T) i s  t h e n  o b t a i n e d :  
c2 
& 1 2 1 = aO(T)  4- 3 a2(T)  x(2eH ) I- - ( E  +I) a4 (T) x(2eHc2) 2  
c2 51 
2 4 
t k- ( E  15) a 6 ( T )  x (2eH t ... . 7 1 c 2 (11-39) 
From %he analysis la s e c r l o n  L of c h l s  chapter, we know that 
E - i is the ground state eigenvalue of (11-3/) (compare eqs, 
(11-1  ) , (1 '1-4)  and  ( I  I - ? I ) )  - Che evadua-cion sir a (TI are well-known 
II 
13 ( s e e  for example ref, , Ch, 7) = The restilts f o r  a a and a are:  8' 2 4 
2 
where N(o) = mPF/ (2n j , and EO(T) = vF/ (2nT) . We t h u s  can i n v e r t  
eq .  (11-39) s o  g e t  H ( T ) ,  s a y  t o  second o r d e r  i n  (1- t )  : 
c2 
( f o r  ( 1 - t j : < l ) ,  (11-43) 
which a g r e e s  w i t h  Tewordt ' s  c a l c u l a t i o n ,  2 7 
For t empera rures  f u r r h e r  below Te, eq.  (11-39) i s  no l o n g e r  
conven ienr ,  A c l o s e d  form v a l i d  f o r  a l l  T - :T h a s  been g i v e n  by 
e  
Helfand and Werthamer, which i m p l i c i t l y  r e l a t e s  H and T, b u t  a t  t h e  
c  2 
expense of i n v o l v i n g  a  two-d imens~ona l  i n t e g r a l  which can n o t  be  
e v a l u a t e d  by a n a l y t i c  method. For our  purpose ,  we need o n l y  t o  
w r i r e  down t h e  expansfon of t h a t  e x p r e s s i o n  n e a r  T  = O ° K ,  t o  o r d e r  
2 
t l n  t .  The r e s u l t  i s :  
2 
= l . 0 ~ 7  x [I + 0.65 r2 in t + O ( t  ) 1  
( f o r  &:-I . ) ,  
2s 
where h (T) = 2eH 
c l  5 0  ', k - L / ( h ) I l 2  and In y = C = 0.577 ... e 2  
rs the Euler's consrant. 
We n o r i c e  that eq, (11-44) has a l s o  been ob ta ined  by Gor'kov $9 
us ing  a  v a r i a t i o n a l  approach. 
E q s .  (11-43) and ( 1 1 - 4 4 )  w i l l  be used i n  Chapte rs  I V  and V ,  
eoge ther  w i th  our  corresponding r e s u l t s  f o r  H t o  g e t  h igh  and @3 '
low tempera ture  behav iors  of t h e  r a t i o  H 
c3 'Hc2. 
THE NOWL-ELECTRON TEMPERATURE GREEN'S FUNCTION 
I n  t h i s  chapeer ,  we want r o  o b t a i n  t h e  normal -e lec t ron  t e m p e r a t u r e  
Green ' s  f u n c t i o n  f o r  a p u r e  s e m i - i n f i n i t e  sample s e p a r a t e d  from a  
vacuum o r  an  i n s u l a r o r  by a  s p e c u l a r l y  r e f l e c t i v e  p l a n e  boundary,  
when a  uniform magnet ic  f i e l d  i s  a p p l i e d  p a r a l l e l  t o  r h i s  boundary. 
According t o  s e c r i o n  2  of t h e  l a s t  c h a p t e r ,  we should s o l v e  
e q ,  (11-22) s u b j e c t  t o  rhe  B . C .  (11-23), and t h e  g e n e r a l  requirement  
( 1 1 -  We choose t h e  c o o r d i n a t e  sys tem a s  b e f o r e ,  s o  t h a r  t h e  
> 
sample i s  occupying t h e  h a l f - s p a c e  Z -0, w i t h  i t s  boundary s u r f a c e  
aE Z = 0 ,  and r h a t  r h e  uniform magnet ic  f i e l d  H i s  p o i n t i n g  a long  
t h e  p o s i t i v e  y  d i r e c t i o n .  We have used r h e  n o t a t i o n s  g(0) (;,;I) 
H 9 
and ( ,  r o  deno te  normal -e lec t ron  t empera rure  Greenf s f u n c t i o n s  
W 
f o r  an i n f i n i t e  sample when a  uniform magne t ic  f i e l d  i s  on and o f f ,  
+ + =+ i 
r e s p e c t i v e l y .  Ler us  now use  r h e  n o t a t i o n s  G(') ( r  , r  ' )  , and G ( O )  ( r  , r  ') 
H , w  W 
t o  d e n o t e  t h e  cor responding  t empera rure  G r e e n ' s  f u n c t i o n s  when t h e  
sample geometry i s  a s  d e s c r i b e d  i n  t h e  beg inn ing  of t h i s  c h a p t e r .  The 
Green ' s  f u n c t i o n  g'o) i s  t h e  s i m p l e s i  one ,  i t  i s  g iven  by (11-28). 
u) 
The Green ' s  f u n c t i o n  g(O'  i s  shown i n  Ch. 11, s e c r l o n  3  L o  I C ~  r e l a t e d  
H,JJ.) 
t o  gLo) by (11-25),  t o  a  v e r y  good approximat ion.  P h y s i c a l l y ,  we 
say  t h a e  t h e  e x p r e s s i o n  (11-5) f o r  g:o) cor responds  t o  t h e  semi- 
9 W 
c l a s s i c a l  approximatLon, where t h e  c u r v a t u r e  of t h e  e l e c t r o n  o r b i t s  
are n e g l e c t e d ,  so t h a r  r h e  o n l y  e f f e c ~  of t h e  magnet ic  f i e l d  i s  t o  
cause a phase f a c t o r  L O  be a icumulated as t h e  e l e c t r o n  p r o p a g a t e s .  ( T h e  
curvature can h e  neplecced because we are o n l y  lnteresred I n  e l e c r r o n s  
-15- 
whl-ch rae very tlose r o  r h e  E e k r n r  surfdce, sc chdr eheLc v e l u c k t i e s  
a r e  on t h e  o r d e r  ok ~ h e  Ferrnr v e l o c r t y ) +  We now curn  L O  t h e  Green ' s  
f u n c t i o n  G'o) .  Wirhour r h e  magnet ic  f i e l d ,  t h e  o r d i n a r y  method 
W 
of images works ,  s o  t h a r  6'0) 1s simply g i v e n  by:  
ul 
where t h e  r e f l e c t i o n  o p e r a r o r  R changes z '  r o  -2'. 
z ' 
This  e x p r e s s i o n  c l e a r l y  s a t i s f i e s  t h e  r e q u i r e d  d i f f e r e n t i a l  
e q u a t i o n  (I. e ,  eq .  (11-22) w ~ r h  2 = 01, t h e  B ,  C.  (11-23) a t  z = o ,  
and t h e  g e n e r a l  p r o p e r t y  (11-17). I n  f a c t ,  t h e  second term i n  
(111-1) s a t i s f i e s  r h e  same d i f f e r e n t i a l  e q u a t i o n  a s  t h e  f i r s t  term 
d o e s ,  excep t  t h a t  t h e  s o u r c e  i s  now a6 t h e  image p o i n t ,  i . e .  
-f 
6 - is  now changed t o  6 (?-RZ, r ' ) 
A t  r h i s  p o i n r ,  a  s i m p l e  s u g g e s r i v e  q u e s t i o n  a r i s e s :  Can we 
o b t a i n  t h e  Green ' s  f u n c t i o n  (2'0) by somehow combining t h e  semi- 
H , w  
c l a s s i c a l  approximat ion r h a r  l e a d s  r o  g ( 0 )  , and t h e  method o f  
H 9 LC 
images t h a r  l e a d s  r o  G 'o )?  To answer t h i s  q u e s t i o n ,  ~ b r i k o s o v ~  i n  
W 
( 0 )  , 1964 proposed t h e  fo l lowing  e x p r e s s i o n  f o r  G . 
H 9 w  
which,  however, we do n o t  b e l f e v e  t o  b e  c o r r e c t "  I n  f a c t ,  i f  we 
s u b s t i t u r e  (111-2) i n ~ o  (11-22), and follow the argument t h a t  l e a d s  
r o  ( I )  we rnbsr now r e q u l r c  g(o'(i;-~,,;l 1 )  t o  s a t i s f y  eq. 
Lu 
" f -P -Z (111-27) with b f r - r ' )  replaced by %he image s o u r c e  6(r-R_,rT), Bur 
r h ~ s ;  rrme t h e  H - d ~ p ~ n d r n r  cross terms no longer v a n r s h  s rnce  
( - 1,) = i ' ~b 110 L o n g e r  perpendliu~ar to 
r w z z 
+ 
H x (g-f ' )  l 
To make t h e  image merhod work,  we must t h e r e f o r e  modify t h e  
phase  f a c t o r  of t h e  image term r n  (111-3), s o  t h a t  Gor 'kov 's  argument 
t h a t  t h i s  i s  t h e  s o l u r i o n  of t h e  d i f f e r e n c i a 1  e q u a ~ i o n  w i l l  a g a i n  
app ly .  We musr n o r ,  however, l o s e  t h e  boundary c o n d i t i o n  (11-23) and 
t h e  symmetry p r o p e r t y  (11-i7), which e q *  (111-2) does s a t i s f y .  
The c o r r e c t  e x p r e s s i o n  f o r  G i s  t h e  f o l l o w i n g :  H , 0 9  
I T  !r 1 
where t+, s 1 + t (each  i o l l o w ~ n g  a  s t r a i g h t  p a t h )  , and ; i s  
' r  d r 9  J r '  1 
S + 
t h e  i n t e r c e p t  of t h e  s t r a i g h t  l i n e  connec t ing  r and R , r ' ,  w i t h  t h e  
Z 
-+ zx l+z  'X 
boundary s u r f a c e ,  E x p l i c i t l y ,  r h a s  t h e  componenrs ( 1 z+z ' 9 
z y ' i z ' y  0 I c  i s  easy  t o  s e e  char  t h e  new pash o f  i n t e g r a t i o n  
z s z  ' 
invo lved  i n  t h e  phase  f a c i o r  of t h e  image term i s  n o t h i n g  b u t  t h e  
-7 
c l a s s i c a l  o r b i t  of an e l e c t r o n  going from ?' t o  r ,  v i a  a s p e c u l a r  
r e f l e c ~ i o n  on t h e  boundary s u r f a c e  ( s e e  f i g ,  l a ) ,  
We now show one by one t h a t  eq .  (111-3) does s a t i s f y  a l l  of 
t h e  requ i rements .  
We f i r s t  chack ehe symmetry p r o p e r t y  e q .  (11-171, a s  i c  i s  t h e  
e a s i e s r ,  For  c h i s  purpose ,  we need on ly  check t h e  new phase  f a c t o r  
7 
lnvalved rn che xrizge kerrn, and z h e  dnswel IS c l e a r l y  yes  s i n c e  r 1 
1s a symmerrlc t u n c t l o n  ot r and ;', 
lie ti.;en chcacic t h e  R,C ( 1 1 - ~ 3 )  F O L  ~ h 7 6  purpose  WE? see  
i 7 9 
2;-0 sc.i ~ i i a ~  r !!~Es on   he biiiindaiji, Gut wish L - C ,  we g e t  r,=r i .~~ id  
The phase f a c ~ o r  of rhe  lmage rerm r h e r e f o r e  reduces  t o  t h a t  of 
rhe  d i r e c r  rerm,  and our  e x p r e s s l o n  f o r  (2'0) becomes i d e n t i c a l  i n  
H,w 
chis c a s e  t o  t h a r  proposed by Abrlkosov which satisfies t h e  B . C , ,  a s  
i r  i s  p r o p o r t l o n a l  r o  ehe zero-f-leld f u n c r l o n .  
F i n a l l y ,  we must check t h a e  e q ,  (111-3) s a r i s f i e s  t h e  d i f f e r e n t i a l  
e q u a t i o n  (11-22). There  1s no problem w i r h  r h e  d i r e c r  term.  We, r h e r e -  
f o r e ,  need o n l y  check r h a r  t h e  image term s a t i s f i e s  e q ,  (11-22) w i t h  
t h e  image s o u r c e *  To a c h i e v e  t h i s ,  we would l i k e  r o  f i r s t  c o n v e r t  t h e  
phase  f a c t o r  of t h e  image term I n t o  &he f o l l o w i n g  form: 
f. 
L 
f + f. 
+ r r R z t r f  , r  
w h e r e '  = 1- I + ,  and t h e  v e c r o r  p o t e n t i a l  h a s  been 7; f d~ f r l  
Z 
extended i n r o  t h e  nega t ive -z  r e g i o n  a c c o r d i n g  t o  t h e  fo l lowing  r e c i p e :  
i . e . ,  ehe  magnet ic  f b e l d  I n  %he nega t ive -z  r e g l o n  i s  e x a c t l y  o p p o s i t e  
t o  t h a r  i n  r h e  p o s l r i v e - z  regLon, For convenience, we a l s o  r e q u i r e  
cha t  rhe  gauge of I n  r h e  negatxve-z regaon i s  s o  r e l a t e d  t o  t h a t  
-+ 
En t h e  p o s ~ r a v e - z  r e g l o n  t h a t  t h e  v e c r o r  p o r e n t l a l  A i s  conr inuous  
a c r o s s  t h e  boundary-  
Under ehzs  exrenslon of A to c h r  negaasve z-reglon, we now prove 
t h a t  expresslon ( 2 1 1 - 4 )  so xdenr~cal co che phase  f a c t o r  of t h e  lmage 
ieLni srr ( I L L - 3 ) .  The new paah of m r e g r a e l o n  invo lved  ln (111-4) i s  
shown en fig i b ,  C,>rnpaii7ng till-, ~ a - i l i  wic"n t i . l e  r e f l c c c e d  pa th  shown 
in f 3 g, la a p p r o p r r a E e  f o r  /' , ~t i s  easy r o  see char  t h e  Coral T 9 
" C "  
flux en~Losed b y  r k ~ e s ~  ~ w o  packs is a l w a y s  z e s o  due to (111-5), which 
means t h a t  
= ( t o t a l  f l u x  enc losed)  = 0. 
I f  we now d e f i n e :  
--f 
-f --r f L  
X ,  o  ) E - 1 -  ~ ( 8 )  *d$, (111-6) 
r 
0 
w e  obse rve  t h a t  t h e  d i r e c t  term and t h e  image t e rm of  t h e  Green ' s  
f u n c t i o n  G (o) can now be w r i t t e n  as :  
H , w  
and 
r e s p e c t i v e l y .  
We rhen prove t h e  f o l i o w l n g  i d e n r i t y :  
+ -? 
a A .  (i 1-6 ( r - ro )  ) 
+ 
- 
I1 1 0 ( r - r  ) . 6de i 0 -+ 0 1 a r 
Y 
0 
9 * I - -  i + + 
= 
-A(r) -i- - H(r9 r  ) x (r-rJ 2 0 
where 
3 G 
Thas resuir irnrned~areiy Leads to a generaLzzatian of eq, 
(11 26) : 
[vr + id(;) 1 exp[iex(; ,Go) 1 
Using t h i s  identity, we  f i n d  t h a t  i n  o r d e r  f o r  eq.  (111-8) 
t o  s a r i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n  (11-2) w i t h  t h e  image s o u r c e  
4- + 
8(r-R , r l ) ,  che fo l lowing  e q u a r i o n  must b e  proven t o  be  merely  an 
z 
i d e n t i t y :  
According t o    or 'kov ' s19  a n a l y s i s ,  we a g a i n  n e g l e c t  t h e  term 
q u a d r a t i c  i n   he magnet ic  f i e l d .  To reduce e q ,  (111-11) i n t o  an 
i d e n t i t y ,  we must t h e r e f o r e  g e t  r i d  of che fo l lowing  two terms which 
a r e  l i n e a r  i n  t h e  magnet ic  f i e l d :  
The f i r s t  term i n  (111-12) i s  a g a i n  v a n i s h i n g  due t o  o r t h o g o n a l i t y .  
The second term comes abour because  of t h e  non-commutativity between 
+ 
* 
U and E(;,R ' j  and r h e r e f o r e  i s  a b s e n t  i n  Gor 'kov 's  o r i g i n a l  
z 
a n a l y s i s ,  Fortunately, this term can be simply dropped because  i t  i s  
small., To see chis p o i n r ,  we norice rhae ,  as i s  po in ted  o u t  i n  Ch, 11, 
a rerm i s  noz n e g l i g i b l e  if r r  is  on the order of - where t h e  f a e r o r  
m% 
.t 
pF  can only be o b t a r n e d  by applying che o p e r a t o r  V on t h e  G r e e n ' s  
P 
I - i 
ss seen  r;o be of  ehe cjrder. of whacll 1s a lac tor of (13 5 ) 2 F o 
111 4 
0 
; L O  s m a l l e r  chan rhe domlnanr o r d e r ,  and i s  t h e r e f o r e  
n e g l i g i b l e .  
We thus  have e s t a b l i s h e d  mathemar ica l ly  c h a t  eq.  (111-3) i s  
indeed t h e  c o r r e c t  e x p r e s s i o n  f o r  t h e  Green 's  f u n c t i o n  G,$o) We now 
Y W  
want t o  g i v e  a  h e u r i s t i c  argument t o  show t h a t  t h i s  e x p r e s s i o n  i s  
a l s o  a  r e a s o n a b l e  one from a  p h y s i c a l  p o i n t  of view. 
The Green 's  f u n c t i o n  i s  a  p r o p a g a t o r .  I t ' s  r o l e  i s  t o  c a r r y  
ir 
i n f o r m a t i o n  from t h e  " source  p o i n t "  ;', t o  t h e  " f i e l d  p o i n t "  r e  I n  
t h e  s e m i - c l a s s i c a l  approx imat ion ,  we can p i c c u r e  t h e  e l e c t r o n s  
c a r r y i n g  i n f o r m a t i o n  a long  t h e i r  c l a s s i c a l  o r b i t s .  Without a  boundary 
and n e g l e c t i n g  t h e  c u r v a r u r e s  of t h e s e  o r b i t s ,  t h e  e l e c t r o n s  can o n l y  
--f -? 
a r r i v e  a t  r from r' v i a  a  s t r a i g h t  pa th .  With t h e  boundary p r e s e n t ,  
t h e  e l e c t r o n s  can a l s o  f o l l o w  a r e f l e c t e d  pach,  I f  t h e r e  is  no magne t ic  
f i e l d ,  t h e  "5nformarrion r e c e i v e r "  a t  t h e  " f i e l d  p o i n t "  can n o t  t e l l  t h e  
d i f f e r e n c e  becween an  e l e c t r o n  chac came th rough  a r e f l e c t e d  p a t h  from 
one t h a t  came d i r e c r l y  from t h e  image p o i n t .  T h i s  i s  because  g (0) 
W 
depends on ly  on t h e  t o c a l  l engch  t r a v e l l e d .  And t h i s  i s  why t h e  or-  
d i n a r y  image method works! With r h e  magner ic  f i e l d  o n ,  r h e  s i t u a t i o n  
i s  d f f f e r e n t .  S i n c e  t h e  e l e c c r o n  does  accumulate  phase  as i t  pro- 
p a g a t e s ,  che in formae ion  r e c e i v e r  can now c e l l  where t h i s  e l e c c r o n  
came from, and what o r b i r  i r  has  fo l lowed ,  
S i n c e  t h e  image ierm G ' O )  1s r e a l l y  due r o  t h o s e  e l e c t r o n s  which 
J3 9~ 
f o l l o w  the  reflected p a t h ,  r h e  phase  fac ror  char  accompanies i t  shou ld  
n a c u r a l l y  involve a  phase ~ n ~ e g r a l  a long  ehe r e f l e c r e d  t r a j e c t o r y !  And 
(0 )  c h i s  i s  lndeed whar we  have toand t o r  r b e  c o r r e c t  e x p r e s s i o n  of  G 
H ,a 
32 
Finally, we w a n t  L O  make rhe koLLaw~ng remarks about ehe 
cxpressl on (111-3) : 
i) We notice c h a r  our derzvac ion  of (111-3) 1s independent 
+ 
of any requirement  t h a r  H be  p a r a l l e l  eo t h e  boundary s u r f a c e ,  s o  
+ 
t h a t  (111-3) i s  s t i l l  v a l i d  even i f  H i s  p o i n t i n g  i n  an a r b i t r a r y  
d i r e c t i o n ,  i n c l u d i n g  t h e  c a s e  where 5 i s  p e r p e n d i c u l a r  t o  t h e  boundary 
excep t  t h a t  f o r  c h i s  c a s e ,  r h e  two phase  f a c r o r s  become i d e n t i c a l ,  
and our  e x p r e s s i o n  f o r  G") reduces  t o  t h a t  g i v e n  by Abrikosov. 
H,w 
i i )  Our proof f o r  (111-3) i s  a l s o  independent  of whether  8 
i s  a  c o n s t a n t ,  i n  magnitude a n d l o r  i n  d i r e c t i o n ,  s o  l o n g  a s  
1 vr5(;) 1 is n e g l i g i b l e  compared w i t h  O(p ) $ 1  . That  i s  t o  s a y ,  a s  F 
+ 
long a s  t h e  magnet ic  f i e l d  H does n o t  v a r y  s i g n i f i c a n t l y  on t h e  
s c a l e  of atomfc s p a c i n g s .  
i i f )  S i n c e  our  proof  i s  everywhere gauge i n v a r i a n t ,  we expec t  
+ -+ 
t h a t  (111-3) is  t r u e  independenr  of t h e  cho ice  of gauge f o r  A ( r ) ,  
i v )  We observe  t h e  fo l lowing  v e r y  i n t e r e s t i n g  p o i n t  t h a t  i f  
we denore  (2'0) s y m b o l i c a l l y  by 
H , a  
where g'O) L s  g i v e n  by ( I -  and t h e  g e n e r a l i z e d  r e f l e c t i o n  
H ,d 
o p e r a t o r  RH i n  t h e  p resence  of magnet ic  f i e l d  does a  much more 
z ' 
complicated j o b ,  we can d e f i n e  a  new Green ' s  f u n c r i o n  2'0) simply 
H , w  
by changing t h e  s i g n  of t h e  image term:  
Thls  new Green's function c l e a r l y  s a t i s f i e s  t h e  differential 
equation and &he symmetry p i o p e r e y ,  However ,  Tt no longer s a t i s f i e s  
3 '3 
~ h e  B, C c  (11-231,  InsLead, bt now s a t a s f b e s   he B,C, (11-24) on  
rhe s u r f a c e  2 = O! 
v)  We also observe chat our  generalszed merhod of lmages 
c l e a r l y  h a s  t h e  same range of a p p l l c a b i l i r y  a s  t h e  o r d i n a r y  image 
method, no m a r t e r  whether  (11-23) o r  (11-24), o r  p o s s i b l y  a  even more 
invo lved  e x p r e s s i o n ,  i s  our  B . C , ,  For example, a  s imple  e x t e n s i o n  of 
our  fo rmulae  (111-3) and (111-14) w i l l  b e  f o r  t h e  c a s e  of an i n f i n i t e  
s l a b  of f i n i r e  r h i c k n e s s ,  where we can I n t r o d u c e  i n f i n i t e l y  many image 
p o i n t s  a s  i n  t h e  o r d i n a r y  image merhod c a s e ,  and t h e n  p r o p e r l y  t a k e  
c a r e  of t h e  phase  f a c t o r s  of t h e s e  image terms accord ing  t o  t h e  same 
p h y s i c a l  argument t h a t  l e a d s  t o  (111-3), a s  t h e s e  v a r i o u s  image terms 
c l e a r l y  cor respond  t o  v a r i o u s  p o s s i b l e  p a t h s  t h a t  an  e l e c t r o n  can 
It + 
t r a v e l  from r '  t o  r v i a  a l l  s o r t s  of m u l t i p l e  s c a t t e r i n g s  from t h e  
rwo boundary s u r f a c e s .  These and o t h e r  p o s s i b l e  e x t e n s i o n s  of t h e  
g e n e r a l i z e d  image merhod w i l l  be  f u r t h e r  exp lored  i n  t h e  f u t u r e .  
CHAPTER IV 
THE LINEARIZED GAP EQUATION AND CALCULATION OF Hc3 
FOR PURE SAMPLES NEAR T = O°K 
I n  t h e  l a s t  c h a p t e r  we have o b t a i n e d  t h e  a p p r o p r i a t e  normal 
e l e c t r o n  t empera rure  Green ' s  f u n c t i o n  G'O' f o r  a  p u r e  s e m i - i n f i n i t e  
H , w  
sample s e p a r a t e d  from vacuum o r  i n s u l a t o r  by a  s p e c u l a r l y  r e f l e c t i v e  
p l a n e  boundary,  a s  i s  g i v e n  by eq.  (111-3), The k e r n e l  of t h e  ap- 
p r o p r i a t e  LGE f o r  such  a  sample can t h e r e f o r e  be  o b t a i n e d  s imply by 
s u b s t i t u t i n g  t h i s  Green ' s  f u n c t i o n  i n t o  eq .  (11-21). The so-obta ined 
k e r n e l  c l e a r l y  satisfies t h e  same B.  C.  a s  t h e  Green ' s  f u n c t i o n  it- 
-P + 
s e l f  d o e s ,  i . e ,  i t  must v a n i s h  when e i r h e r  r o r  r' l i e s  on t h e  
boundary s u r f a c e .  Th is  p r o p e r r y  of t h e  k e r n e l  i n  t u r n  i m p l i e s  t h a t  
t h e  p a i r  wave f u n c t i o n  must a l s o  s a t i s f y  t h e  same B .  C . ,  i . e .  i t  
must a l s o  v a n f s h  on t h e  boundary s u r f a c e .  However, s i n c e  t h e  Green 's  
f u n c t i o n  G(O' c o n r a i n s  two r a p i d l y  o s c i l l a t i n g  terms b o t h  of which have 
H ,  a 
-1 
c h a r a c t e r i s t i c  wave l e n g r h s  of t h e  o r d e r  of PF , che k e r n e l  t h u s  ob- 
t a i n e d  w i l l  have a  smoothly v a r y i n g  p a r t ,  w i t h  5 c h a r a c t e r i z i n g  i t s  
0 
s p a t i a l  v a r i a t i o n ,  and a  r a p l d l y  o s c i l l a t i n g  p a r t ,  w i t h  t h e  same 
c h a r a c t e r i s r i c  wave l e n g r h  a s  G'o) .  The former comes from t h e  two 
H 9 L!.! 
'o' w h i l e  t h e  d i r e c t  terms i n  r h e  m u l t i p l i c a t i o n  of (2'0) w i t h  GH3-L!.!, 
H , d  
l a t t e r  comes from r h e  two c r o s s  rerms.  To s rudy  t h o s e  e n e r g e t i c a l l y  
more favored  modes of n u c l e a t i o n ,  i r  1s r e a s o n a b l e  t o  assume t h a t  r h e  
p a i r  wave f u n c r l o n  1s a r a t h e r  smoothsy v a r y i n g  f u n c t i o n ,  wish a  
charac ter i scnc  Lengch of irs s p a r l a 1  dependence - , excep t  i n  a  
v e t y  i i d r r O W  reg~on near &he bi ibnddry ,  wl-r-b a ~ h i e k n e s s  of the  o r d e r  
- i 
of PF w h e r e  r h e  parK wave i u i l c ~ x o n  musu  somehow drop t o  z e r o  very  
r a p i d l y ,  from irs " ~ n n e r  v a l u e " ,  II-I o r d e r  t o  meet -the mic roscop ic  
boundary c o n d i t i o n ,  S i n c e  t h e  p a i r  wave f u n c t i o n  i s  expec ted  r o  ex- 
t end  much deeper  i n c o  rhe  sample (wirh a  dep th  >*cH : < ) t h a n  c h i s  
0 
s u r f a c e  r e g i o n  ( n o r i c e  r h a r  5 P r l o 3  t o  l o 4  f o r  p u r e  s a m p l e s ! ) ,  we 
0 F 
expec t  r h a r  a i l  p h y s i c a l l y  measurab le  q u a n t i r i e s  invo lved  i n  such  a  
n u c l e a t i o n  problem, i n c l u d i n g  H depend v e r y  l i t t l e  on t h e  b e h a v i o r  
c3  
of t h e  p a i r  wave f u n c t i o n  i n  t h i s  narrow s u r f a c e  r e g i o n .  It shou ld  
r h e r e f o r e  be  sufficient r o  s o l v e  f o r  r h e  p a i r  wave f u n c t i o n  i n  t h e  
- 1 
r e g i o n  Z --> PF , and f o r  c h i s  purpose ,  we can s imply  n e g l e c r  t h o s e  
r a p i d l y  o s c i l l a t i n g  terms i n  r h e  k e r n e l  and g e t :  
<r 
K:~)(;,;~) = k ( 0 ) ( ; - ; f )  exp u-23-e 1 -  A ( ~ ) . ~ S I  
i r '  
-f 
y r 
+ k o V ~  exp [ - 2 i e  j+~ ( $ ) * d $ ]  
- r' 
where k(') h a s  been d e t l n e d  i n  i h .  11, s e c r i o n  2  by eq.  (11-29). H 
We ~ m m e d i a r e l y  r e c o g n i z e  r h e  s l m i l a r i r y  between (IV-I) and 
(111-14). Thus i f  we assume t h a t  (IV-1) i s  v a l a d  everywhere i n s l d e  
- 1 
r h e  sample ,  i n c l u d i n g  che r e g l o n  Z ; P p  we f i n d  r h a t  our  ap- 
p rox imate  k e r n e l  s a t l s f ~ e s  t h e  fo l lowing  B . C , :  
Using t h ~ s  k e r n e l  ( l e e r  eq .  (iV-1)) r n  ou r  LGE, we t h e n  s e e  t h a t  rhe  
p a i r  wave funcclon masr a l s o  s a t r s f y  a sarnllar B , C ,  : 
The reader should keep In mlnd t h a ~  eqs, ( P V - 2 )  and (TV-3)  rea l ly  
d e s c ~ s b e   he bci-ravrsr oii rkc ke?rncl a n d  r h e  parr i..rave funcrlon i n  
- 1 
r h e  regLon P E . Z 
It 1s worthwhile t o  remark h e r e  t h a t  shou ld  we have s t a r t e d  w i t h  
t h e  mic roscop ic  B , C ,  (11-24) i n s t e a d  of (11-23),  we would have t o  u s e  
(111-14) i n s t e a d  of (111-3) a s  t h e  a p p r o p r i a r e  normal e l e c t r o n  tempera- 
t u r e  Green ' s  f u n c r i o n ,  However, a f t e r  n e g l e c t i n g  t h o s e  r a p i d l y  o s c f l -  
l a t i n g  terms i n  r h e  k e r n e l ,  che r e s u l t  i s  e a s i l y  s e e n  t o  be  g iven  a g a i n  
by (IV-1). Eqs,  (EV-2) and (IV-3) t h e r e f o r e  remain v a l i d .  I n  f a c t ,  i t  
i s  c l e a r  t h a c  che two c a l c u l a t i o n s  from h e r e  on c o i n c i d e .  T h i s  Is why 
we claimed i n  Ch, 11, s e c t i o n  2  t h a t  r h e  B . C ,  (11-24) i s  a bonus c a s e .  
We now go back t o  t h e  k e r n e l  (PV-I), and w r i t e  down t h e  cor-  
responding LGE: 
rr+ I 
A(;) = i k ( ~ '  ( I;-;' 1 )  exp [-21e I -A(s) *dg]n(;')d;' r 
' ~ " 0  
r I = 
+ kc') ( 1 ;--R~, ;' 1 ) exp [-Zie ++ A($) *d$] A(;') d;' . (1"-4) 
d z 2 ( > o  J r '  
The f i r s r  t h i n g  we would l i k e  t o  examine abour t h i s  e q u a t i o n  i s  
t o  f i n d  o u t  whether  we can a i s o  conver t  t h i s  e q u a t i o n  i n t o  a  d i f f e r e n t i a l  
e q u a t i o n  of i n f i n i c e  o r d e r  a s  Heifand and Werthamer d i d  t o  t h e  LGE of an  
i n f i n i t e  sample c a s e L 2  ( s e e  c h  11, s e c t i o n  3 ) .  Indeed ,  t h e  i d e n t i t y  
(11-33) d i scovered  by Helfand and Wer~hamer can be  g e n e r a l i z e d  t o  curved 
p a t h - i n t e g r a l  c a s e s  : 
-t 
Ir ( A  proof 01 L ~ L S  i d e n ~ i t y  is g lvea  i n  Appendix B), where q+ denoces t h e  
J rt  
+ irq + parh insegral along an a r b l c r a r y  curved p a r h  connecting r and r ,  and T 
i s  a  " t ime o r d e r i n g  o p e r a t o r i i  whrch r e q u i r e s  o p e r a t o r s  c h a r a c t e r i z e d  by 
e a r l i e r  t imes  t o  a c t  e a r l i e r ,  where r h e  "time" v a r i a b l e  i s  d e f i n e d  t o  
be p r o p o ~ t i o n a l  t o  t h e  t o t a l  l e n g t h  t r a v e l e d  a long  t h e  p a t h ,  i . e .  
I S  t(z)  a d31,  f o r  any p o i n t  on t h e  p a t h  r e p r e s e n c e d  by t h e  v e c ~ o r  s. J;, ' 
Using t h e  i d e n t i t y  (IV-5), we can now c o n v e r t  eq .  (IV-4) i n t o  
the  f o l l o w i n g  form: 
-f 
where r i s  t h e  p o i n t  of r e f l e c t i o n  on t h e  boundary s u r f a c e  a s  is  1 
d e f i n e d  i n  ch. 111. E q .  (IV-6) can a l s o  be w r i t t e n  a s  
r -+ 
n(f9  = i d3 k ( 0 ) ( l ; l ) e x p [ ~ e ~ r l n ( ; )  
which e x p l i c i t l y  shows t h e  b u l k  term and t h e  s u r f a c e  c o r r e c t i o n  term.  
U n f o r t u n a t e l y ,  eq. (IV-6) o r  ( I V - 7 )  can n o t  be  so lved  a s  e a s i l y  
a s  f o r  the  i n f i n j t e  sample c a s e  because  i t  now i n v o l v e s  r h e  f o l l o w i n g  
-r & ir * 
2 s~ 
t h r e e  s c a l a r  o p e r a r o r s  : (jr i  V ( =  -a H and $ ( ~ n - 3  where i s  n r ' 
rhe u n l r  v e c r o r  normal eo r h e  s u r f a c e )  which can  n o t  be s imul taneous ly  
3 8 
diagonal~zed, However, we noclce  hat eqs, (1V-6) and (iV-l) p o s s e s s  
the v e r y  p e c u l r a r  p r o p e r r y  t h a r  a l t h o u g h  t h e y  a r e  drfterential eq- 
u a r l o n s  defined on r h e  halt space z - - 0, cney do noiz r e q u i r e  a  
s e p a r a t e  B . C ,  on rhe  boundary s u r f a c e  z = 0 ,  s i n c e  t h e y  s t i l l  
g u a r a n t e e  t h e  automatic s a t i s f a c t i o n  of t h e  B . C .  (IV-3) a s  cen b e  
e a s i l y  checked. We d e c i d e ,  t h e r e f o r e ,  t o  s t u d y  t h e s e  e q u a t i o n s  a b i t  
f u r t h e r ,  More specifically, we c h i n k  r h a ~  t h e  f o l l o w i n g  p o s s i b i l i r y  
ought t o  b e  checked: 
S i n c e  a n  o r d l n a r y  d i f f e r e n t l a 1  e q u a t i o n  does n o r  c a r r y  t h e  
i n f o r m a t i o n  about what B , C .  i t s  s o l u t i o n s  must s a t i s f y ,  could  i t  
be  p o s s i b l e  t h e n  t h a t  e q s ,  (IV-6) and (IV-7) a r e  redundant  i n  t h e  
s e n s e  t h a t  t h e y  could be  s i m p l i f i e d  t o  a  s i g n i f i c a n t  e x t e n t  s o  l o n g  
a s  we "promise" t o  add t h e  B , C ,  independently t o  i t ?  E s p e c i a l l y ,  s i n c e  
our  LGE reduces  t o  t h a t  of t h e  i n f i n i t e  sample c a s e  a s  z > >  E O ,  cou ld  
i t  be  p o s s i b l e  t h e n  t h a t  eq .  (IV-6) o r  (IV-7) r e p r e s e n t  norh ing  b u t  
Helfand and Werthamer's i n f i n i t e  o r d e r  d i f f e r e n t i a l  e q u a t i o n  ( i . e .  eq. 
(11-35)) , p i a s  t h e  B e C  .. (IV-3)? T h l s  c o n j e c t u r e  sounds s o  p l a u s i b l e  
t h a t  one is  v e r y  a p t  L O  a c c e p t  i t ,  However, i~ t u r n s  our  r o  be wrong, 
and a r i g o r o u s  j u s t i f i c a t i o n  of t h i s  conc lus ion  can be  s u p p l i e d ,  To 
s e e  t h i s  p o i n t ,  we f i r s t  go t o  t h e  s p e c l a 1  gauge named gauge B i n  
ch. 11, s e c r r o n  3 .  I n  t h i s  gauge we have i(;) = (H(z-zo) . 0 ,  0 )  
where t h e  paramerer  Z i s  c l o s e l y  r e l a t e d  t o  t h e  c e n r e r  of n u c l e a t i o n .  
0 
Now should  eq .  (IV-6) o r  (IV-7) reduce t o  Helfand and Werthamer's 
e q u a t i o n  p l u s  che B , C , ,  rhe probLern could  t h e n  be  s o l v e d  i n  c l o s e  
parallelism wlch ch. 11, secrzon 3 ,  excepr t h a r  w e  now would have t o  
s o l v e  (11-39) s u b j e c r e d  t o  rhe B . C .  ( l V - 3 ) -  We n o t i c e  c h a t  f o r  t h e  
p a r r ~ c u l a r  mode of  nucleatron w l r h  z =0, t h e  B,C, ss t r1vialI .y  s a ~ i s f i e d  
0 
39 
by a11 even solutions of (11-37) bnder  no B , C , ,  sncludrng t h e  ground 
s L a L e  soLuc ron  w h r c h  $5 nozhsng btLe t h e  soLuraon f o r  t h e  b u l k  nu-  
c l e a ~ r o n  mode, T h s s  rnedns ihas s h o u l d  our eq- ( 1 V - 6 )  o r  (IV-7) be  
e q u i v a l e n t  t o  Helfand and Werthamer 's  d i f f e r e n t l a 1  e q u a t i o n  p l u s  t h e  
B . C . ,  we could  t h e n  make r h e  fo l lowing  conc lus fons :  
(1) t h a t  HcH(z =0) shou ld  b e  e q u a l  t o  H r 2 ,  
0 - 
(2) t h a t  r h e  s p a t i a l  dependence of che p a i r  wave f u n c t i o n  f o r  
t h e  particular s u r f a c e  n u c l e a r i o n  mode wich z =O shou ld  be  t h e  same a s  
0 
t h a t  of t h e  b u l k  n u c l e a t i o n  mode, which i s  s imply t h e  ground s t a t e  
s o l u t f o n  of a  s imple  harmonic o s c i l l a r o r  t y p e  of wave e q u a t i o n ,  and 
t h e r e f o r e  1s g i v e n  by a  s impie  g a u s s i a n  f u n c t i o n ,  
I n  Appendix C ,  we s t u d i e d  o u r  LGE (IV-4) a  v a r i a t i o n a l  approach 
on t h e  p a r t i c u l a r  n u c l e a t i o n  mode wfrh z = o ,  a t  T = O°K, u s i n g  a 
0 
g a u s s i a n  of a d j u s r a b l e  widch a s  our  t r i a l  wave f u n c t i o n ,  We f i n d  a 
8 lower bound f o r  H (zo=O) which is  s l i g h t l y  Less t h a n  - H 9 c2 '  Now, c f l  
shou ld   he e x a c t  s o l u r i o n  f o r  t h e  p a i r  wave f u n c t i o n  be  a l s o  a  
g a u s s i a n  accord ing  t o  c o n c l u s i o n  ( 2 )  of r h e  l a s t  pa ragraph ,  we ought 
t o  o b t a i n  t h e  e x a c t  v a l u e  of H ( z  =O) a s  our  Lower bound t o  i t .  But 
c l l  0 
accord ing  t o  conc lus ion  ( l ) ,  t h e  e x a c t  v a l u e  of H (z =0) can n o t  b e  
c /  0 
8 l e s s  t h a n - H  because  i t  i s  s imply e q u a l  t o  H f T h i s  t h e r e f o r e  com- 9 c2 c2 ' 
p l e t e s  our  proof  t h a t  ou r  EGE (1V-4) i s  n o t  e q u i v a l e n t  t o  Helfand and 
Werthamer 's  d i f f e r e n t i a l  equacion (11-35) p l u s  any B.C..(as a l l  c h o i c e s  
of t h e  B , C .  o t h e r  t h a n  (IV-3) have a l r e a d y  been r u l e d  o u t  by t h e  f a c t  
t h a t  our  LGE (IV-4) i m p l i e s  c h a t  (1V-3) i s  s a t i s f l e d . ]  T h i s  c o n c l u s i o n  
i s  a l s o  expec ted  from a n o t h e r  p o i n r  of vrew: I t  i s  found t h a t  i f  one 
r e a l l y  p roceeds  t o  s o l v e  Helfand and Wer~harner ' s  d i f f e r e n t i a l  e q u a t i o n  
r o g e t h e r  wsrh rhe B , C . ,  one will irnd chat the s s l u ~ l o n  1s d i v e r g e n t  
excepr for the two special cases when z is = 0 or a! However, t h i s  
0 
f a c t  a lone  cannoe s e r v e  a s  a r i g o r o u s  justification of the c o n c l u s i o n .  
The p h y s i c a l  o r i g l n  of t h e  divergence l i e s  I n  ehe f a c t  t h a t  Helfand 
and Werthamer's i n f i n i t e - o r d e r  d i f f e r e n t i a l  e q u a t i o n  "sees"  t h e  
asymptor ic  b e h a v i o r  of t h e  p a i r  wave f u n c t i o n  f o r  b o t h  Z + - + , w h i l e  
t h e  B . C .  (IV-3) impels  t h e  p a i r  wave f u n c t i o n  t o  d i v e r g e  a s  f a s t  a s  
2 
exp(+cz ) when z + - m ( n o r i c e  t h a t  t h e  s o l u t i o n  i s  e x p l i c i t l y  g iven  
by (11-8) ) ,  which cannor b e  overcome by t h e  convergent  f a c t o r  i n  t h e  
k e r n e l  o f  (11-32) which d rops  a t  most a s  f a s t  a s  exp ( - c ' I Z ' I )  when 
Z '  + + m *  
- 
We now unders tand  t h a t  our  LGE ( I V - 4 )  can noE b e  s o l v e d  by H e l -  
£and and Werthamer's t r i c k .  T h i s  p r a c t i c a l l y  r u l e s  o u t  t h e  p o s s i b i l i t y  
of s o l v i n g  ( I V - 4 )  a t  a l l  t empera tu res  below T a s  i n e x a c t  methods 
c ' 
must b e  employed t o  a t t a c k  t h e  problem. We s h a l l  t h e r e f o r e  on ly  
c o n s i d e r  two l i m i t i n g  c a s e s ,  one is  when t h e  t empera tu re  T i s  e q u a l  
o r  v e r y  c l o s e  t o  t h e  a b s o l u t e  z e r o ,  which we s h a l l  c o n s i d e r  i n  t h e  
remaining p a r t  of t h i s  c h a p t e r ;  t h e  o t h e r  i s  when t h e  t empera tu re  T 
i s  on ly  s l i g h t l y  below t h e  L-G r e g i o n ,  which is  c o n s i d e r e d  i n  t h e  n e x t  
c h a p t e r .  
1, 
W e  now proceed t o  c a l c u l a t e  H a t  T = O°K. I n  Appendix C ,  
c3  
we have reduced our  LGE t o  t h e  forms g iven  by (C-12) f o r  T # O°K, 
and by (C-13) o r  even (C-14) f o r  T = 0%. We f i r s t  c o n s i d e r  t h e  
c a s e  when T = O°Kc Again,  we choose our  t r i a l  wave f u n c t i o n  t o  be  
a s imple  g a u s s i a n  f u n c t i o n  of width--- ' a s  i s  shown by (C-16) . a "  
Denoting t h e  k e r n e l  i n  Eq. (C-14) by K, we s h a l l  v a r y  t h e  pa ramete rs  a 
and 5 (=z  / e  ) i n  < A l K l A > / < A l A >  t o  f i n d  t h e  s m a l l e s t  p o s s i b l e  upper 
0 O H  





We a l s o  change v a r i a b l e s  t o  u = i ,  v = i ~  ( P C ' )  : 
We can perform one more i n t e g r a r i o n  i n  t h i s  exp re s s ion .  However, 
t h e  r e s u l t  i s  much more invo lved :  
m 
e x p ( i T  i 0 v ) - l  cl+l 
where J l ( a , i o )  5 [ dV V exp[- - 2a v2]  [I-erf  (z V) 1 , 
' 0 
- 
xiexp (-a v )  [ e r f  E ) - e r f  (-- v ) ]  
0 420: 
exp (iiycou) -1 
J 3 ( a , c o j  i 1/7-&\ - l r n  du u exp[- ---- 2 u ] e r f  ( a i l  2  $a+l/ 
and 2 d 2 1 ,  
0 d u ,-1 2 b-l I----- 
~ ~ ( ~ ~ i ~ j  - i u - [ 2 < p ( -  - -  2 Lj - & I F  0 U )  Ef(-T9 i ~ ( 2 4 2 - c  6) - U I I  
r 'J 2  
where f  ( a  ,b)  = I exp [-ax 1 dx 
1 0  
- ' ' e r f  (4; b)  f o r  a>O 
- 
2Ja  
1 2  - 
J l a l  
exp ( ( a / b  ) ~ ( J l a (  b)  f o r  a<O, 
2  f X  2 
and t h e  f u n c t i o n  F(x)  5 exp(-x ) I exp ( x  )dx  i s  c a l l e d  Dawson's i n t e g r a l  
J 0 
( s e e ,  f o r  example, p ,  298 of r e f ,  20) .  
We n o t i c e  t h a t  Jl and J come from t h e  f i r s t  term i n  t h e  R .H .S .  2  
of (IV-81, w h i l e  J3, J and J5 a l l  from t h e  second term. 4 
C l e a r l y ,  r h e  i n t e g r a l s  invo lved  i n  t h e s e  J f u n c t i o n s  can no 
l o n g e r  be  performed by a n a l y t i c  methods. We t h e r e f o r e  e v a l u a t e d  t h e s e  
i n t e g r a l s  n u m e r i c a l l y  through a  7094 computer,  f o r  v a r i o u s  v a l u e s  of 
a and io. We t h e n  pin-pointed t h e  minimum of t h e  R.H.  S . of (IV-9) t o  
be  l o c a t e d  a t :  
o = 0 ,52$  
min 
and 
and ac t h i s  p o i n t  
which yrediccs : 
WcJ/HcZ 1.925 ar T = O°K, 
e 
2 
using again the fact rhac h = ---- (see Appendix C ) .  
c 2 4~ 
We can now compare our results w r t h  c h o s e  of the L-G case. There 
t h e  exact ca lc~x ia r io r r  of Saznc-James and de Genraes grves: 
('0) min = 0.768 
and 
( e x a c t  r e s u l t ) .  
It  i s  b e t t e r ,  however, t o  compare our r e s u l t s  w i t h  t h o s e  from a  s i m i l a r  
v a r i a t i o n a l  c a l c u l a t i o n  i n  t h e  L-G r e g i o n  u s i n g  t h e  same t r i a l  wave 
f u n c t i o n  as we used h e r e  ( s e e  f o r  example r e f s .  2 ,  31,  which r e a d s :  
0, = 0.603 
min 
a t  TC-TccT 
c (IV-13) 
( v a r i a t i o n a l  r e s u l t ) .  
and 
We n o t i c e  c h a t  t h e  s u r f a c e  n u c l e a t i o n  c r i t i c a l  f i e l d  H i s  
c3  
roughly 16% h i g h e r  a t  T  = O°K t h a n  i s  t h e  L-G r e g i o n ,  i . e .  when T  is 
v e r y  c l o s e  t o  T  . Using t h i s  p e r c e n t a g e  i n c r e a s e  and t h e  e x a c t  v a l u e  
C 
of H i n  r h e  L-G r e g i o n ,  we e s t i m a t e  t h a t   he e x a c t  v a l u e  f o r  H a t  
c3  c3  
T  = O ° K  w i l l  most p robab ly  b e  c e n t e r e d  aroung 1 .97  H 
c2 ' 
It  i s  i n t e r e s t i n g  co p o i n t  o u t  h e r e  r h a t  t h e  p a i r  wave f u n c t i o n  
cor responding  t o  c h i s  s u r f a c e  n u c l e a r i o n  mode h a s  a  s m a l l e r  5 b u t  a  
0 ' 
l a r g e r  wid th  a t  T = O°K t h a n  i n  t h e  L-G reg ion!  
R e f e r r i n g  t o  Appendix E ,  we n o r i c e  r h a t  we have a l s o  an  upper 
bound f o r  t h e  v a l u e  of H az T = 0°K which r e a d s :  
c3  
H , / H c 2  2 5 , 2 2 .  
c 3 (LV-14) 
As is poinred o u ~  r n  Appendix C ,  we expect rhac  chis upper bound is 
roughly rwo or more tlmes Larger rhan che exact value, so chat rts 
p h y s ~ c a l  slgnkficance Ires masnly I n  rhe f a c t  t h a r  r c  a l l o w s  u s  c o  
feel safe in usrng a varrational approach r s  esrimate Bc3 i n s t e a d  
of h e l p i n g  u s  v e r y  much i n  p i n p o i n t i n g  t h e  e x a c t  v a l u e .  
We now t u r n  t o  e s t i m a t e  t h e  f i r s t  o r d e r  c o r r e c t i o n  t o  t h e  
r a t i o  of H /Hc2 a s  T  g e t s  s l i g h r l y  above a b s o l u t e  z e r o .  For t h i s  
c3 
purpose ,  we can s t a r c  w i t h  eq.  (C-12) d e r i v e d  i n  Appendix C :  
eE 5+5 ' exp [-i(- 2  -io) (5-5 ') I 
A,(<)  l n  (2$) ( + +  2 I + +  
L ' > O  I p - p ' l  ~ i n h ( t l p - ~ ' l j  
exp [-i ( 
-i- 
+ 2  } ~ ~ ( < f j d ; '  9 \ ;-Rzlp'1 ~ i n h ( ? l ~ - R ~ , ~ ' l ~  
whfch i s  v a l i d  f o r  T  # 0 ° K .  
We s h a l l  f o l l o w  v e r y  c l o s e l y  Gor 'kov 's  work on t h e  c a l c u l a t i o n  
of Hc2 a r  low tempera tu res .19  I n  f a c t ,  we can a l s o  u s e  t h e  i d e n t i t y :  
+- t h 
a s  i s  used by him, where p E ( 5 ,  n ,  5)  a s  b e f o r e ,  and Jo f s  t h e  z e r o  
o r d e r  B e s s e l  f u n e ~ i o n ,  t o  s i m p l i f y  our  eq .  (IV-15). We g e t :  
Let us t h e n  deflne h. = h + 6h, Ki 9 T  
'r o 
= K. l 9 0  + 6Ki ,T for i = 1) 2, 
where h corresponds to rhe v a l u e  of H at: T = 0 ° K  as h does  t o  t h e  
o c3 T 
v a l u e  of H ar f iniee T.  We also def~ne AT (<  j 3 n ( 5  j t X ( 5 )  , where 
c3 0 
ho(c,) i s  t h e  cor responding  s o l u t i o n  a t  T = O°K which h a s  j u s t  been 
o b t a i n e d .  Eq. (IV-16) can then  be  s y m b o l i c a l l y  w r i t t e n  a s ,  t o  lowes t  
'L 
o r d e r  i n  t :  
w 
T h i s  is  an inhomogeneous i n t e g r a l  e q u a t i o n .  S i n c e  i t  must 
p o s s e s s  n o n - t r i v i a l  s o l u t i o n s  f o r  A(<), we r e q u i r e  t h a t  t h e  s o u r c e  term 
( i . e .  t h e  R.H.S. of (IV-17)) i s  o r t h o g o n a l  t o  t h e  s o l u t i o n  of t h e  cor -  
responding homogeneous e q u a t i o n ,  which i s  s imply ho(c,). We t h e r e f o r e  
i f  A (c,) i s  p r o p e r l y  normal ized accord ing  t o  
0 
m 
-1 Symbol ica l ly ,  we can w r i t e :  h  AhT = <6K . + :6K2,T,. 
1 , T  
2 Now f o r  ]c+c l -25  j '- t, we have 
0 
1 2  
;2 expu- -ti -1'2-210(c,-1') 1 I 
6K (c,~, ' )  = - -  2 
1 ,T 3 I c+i  I--2co 3 
2 , 2  'i 
and f o r  1 - 2 j " t 3 w e h a v e  
G+L 
2 $ 2  < - f -<  'C 
c r and I-----? -25,,/ i t ,  for X Within the r e g i o n s  ii+LT - 2 ~ ~ 1  
, L+L 1 1 ,T 
and K r e s p e c t i v e l y ,  t h e  expansron p rocedure  is n o t  v a l i d ,  and 2 ,T 
bK a.re therefore much more complieared. However, i t  is not S K 1 , ~ 9  2 , T  
h a r d  t o  s e e  ~ h a r  w i t h i n  t h e s e  r e g i o n s ,  6K and 6K a r e  of t h e  
1 ,T  2  ,T 
% 
o r d e r  of t ,  s o  t h a t  t h e  c o n t r i b u t i o n s  from t h e s e  r e g i o n s  a r e  of t h e  
Q 2  
o r d e r  of t . I f  we a r e  on ly  i n t e r e s t e d  i n  lowest  o r d e r  c o n t r i b u t i o n s ,  
'L 
which a r e  p r o p o r t i o n a l  r o  ;2 i n  t ,  w e  t h e n  have: 
and 
Using our  v a r i a t i o n a l  t r i a l  wave f u n c t i o n :  
we can now g e r  a  rough e s t i m a t i o n  of f o r  i = 1 , 2 .  I n  f a c t ,  t o  
'L 
o r d e r  of t2 i n  r ,  we have s imply :  
We can then e v a l u a t e  <6K1 i n  r h e  new c o o r d i n a t e  sys tem:  
9 - 
The second m a r r i x  elemenr cSKZpT> can be  e v a l u a t e d  i n  t h e  p o l a r  co- 
2 2 i 2  -1 
o r d i n a t e  sys tem:  r = 5 +c , 0  = t a n  ( i 1 / 5 )  p l u s  a  subsequent  change 
of v a r f a b l e  from 0 t o  u  = cos0-s ine .  The r e s u l t  i s :  
I f  we now d e f i n e  h 2  = a i o 2  and 
4  2 4 A 2 2 2 
w(A) : -Imp(-A j e r f  (A) + - exp(-4h ) 62-;2 exp(2h u  )du] , we s e e  3 4-i- J 
From our  e a r l i e r  v a r f a t i o n a l  r e s u l t  a t  T  = O°K, we have found 
t h a t  (eq.  (IV-10)) : 
'L h  : 4; 5  = 0.49.  
0 
A numer ica l  i n t e g r a t i o n  t h e n  g i v e s :  
We a l s o  need :  
Our r e s u l t  i s  t h e r e f o r e  
Compare t h i s  r e a u l r  wi rh  G o r i k o v ' s  cor responding  r e s u l t 1 9  on 
HcZ  a t  low tempera tu res  (which 1s a l s o  recovered i n  Kelfand and 
Wertharner's c a l c u l a i i o n , 1 2  s e e  Ch 11, eq .  (11-44) * )  
we t h e n  o b t a i n :  
Th is  i s  o n l y  a  v e r y  rough e s t i m a t i o n  of t h e  lowes t  o r d e r  
c o r r e c t i o n  term of t h e  r a t i o  H c3/HcZ due t o  s l i g h t l y  non-zero 
t empera tu re .  But i t  i n d i c a t e s  t h a t  t h e  r a t i o  H 
c3IHc2 h a s  a v a n i s h i n g  
s l o p e  w . r . r ,  t a r  t = 0 .  We a l s o  n o t i c e  t h a t  t h e  c o e f f i c i e n t  of t h e  
c o r r e c t i o n  t e r n  i s  v e r y  s m a l l  which means t h a t  most of t h e  t empera tu re  
dependences of Hc3 and H c a n c e l  each o t h e r  when rhey form t h e  r a t i o  
c2 
Hc3/Hc2,  l e a v i n g  t h i s  r a t i o  t o  b e  only  v e r y  weakly t empera tu re  de- 
pendent.  We t h e r e f o r e  expecr  H 
~ 3 ' ~ c 2  t o  b e  r a t h e r  f l a t  i n  t h e  low 
tempera tu re  r e g f o n  and n o t  t o  drop v e r y  much u n t i l  T  becomes a  l a r g e  
f r a c t i o n  of T  . 
e 
F i n a l l y ,  we would l i k e  t o  d i s c u s s  b r i e f l y  rhe  c u r r e n t - c a r r y i n g  
n u c l e a t i o n  s E a t e s .  We do n o t  arEempc t o  s o l v e  t h i s  problem complete ly  
even a t  T = O°K,  I n s t e a d ,  we s h a l l  on ly  make some remarks on t h i s  
c a s e ,  and supp ly  some i n f o r m a t i o n  a v a i l a b l e  from our  p r e s e n t  ca lcu-  
l a t i o n  which we t h i n k  a r e  h e l p f u l  r o   hose who a r e  i n t e r e s t e d  i n  t h i s  
problem and a t t e m p t  r o  i n v e s t i g a t e  i r ,  
- * 
C l e a r l y ,  i n  gauge A i n  which ~ ( r )  5 (Hz ,  0 ,  O ) ,  t h e  most g e n e r a l  
c u r r e n t - c a r r y i n g  s t a t e  h a s  t h e  f o l l o w i n g  p a i r  wave f u n c t i o n :  
49 
I n  gauge B i n  wh~ch A(r) = (H(z-z ) ,  0, O), eq. ( L V - 2 1 )  1s reduced r s  
0 
i f  we choose Z = -kx/(2eH).  However, we must emphasize t h a t  f o r  
0 
samples n o t  i n  t h e  L-G o r  d i r t y  l i m i t  c a s e s ,  t h e  r e l a t i o n  between 
kx(or  z o ) ,  k and t h e  t o t a l  c u r r e n t  f c a r r i e d  by t h e  sample i s  a  
y 9  
complicated non- local  e x p r e s s i o n  s n v o l v i n p  seven  o r  e i g h t  d imens iona l  
f n t e g r a l s  which i s  v e r y  h a r d  t o  c a r r y  o u t  ( s e e  Ch. V I ,  e q s .  (VI-25), 
(VI-27) f o r  t h e  c u r r e n t  d e n s i t y ) .  For k = 0 and kx ( o r  Zo) e q u a l  t o  
Y 
i t s  optimum v a l u e ,  we s h a l l  show i n  ch.  V I  t h a t  f = 0 .  For kx and k 
Y 
s l i g h t l y  dev iaced  from t h e s e  optimum v a l u e s ,  some p e r t u r b a t i o n a l  ex- 
pans ion  p rocedure  c l e a r l y  can be  a p p l i e d  t o  t h e  c u r r e n t  e x p r e s s i o n  s o  
t h a t  i t  w i l l  b e  s i m p l i f i e d  t o  some e x t e n t .  The r e s u l t  i s  expec ted  t o  
b e  a  polynomial  r n  k  and k  w i t h  temperature-  and magnet ic  f i e l d -  
X Y 
dependent c o e f f i c i e n t s ,  which a r e ,  however, s t i l l  v e r y  hard  t o  e v a l u a t e .  
Bes fdes ,  we must n o t  f o r g e t  t h a c  t h e  magnetfc f i e l d  - t h e  c r i t i c a l  f i e l d  
f o r  t h e s e  c u r r e n t - c a r r y i n g  n u c l e a t r o n  s t a t e s ,  i s  s t i l l  a  f u n c t i o n  of T ,  
k and k . 
x ' Y 
For t h e  p r e s e n t  purpose ,  we s h a l l  be con ten ted  w i t h  c h a r a c t e r i z i n g  
t h e  c u r r e n t - c a r r y i n g  s t a t e s  by k and k  l e a v i n g  t h e  v a l u e s  of t h e  t o t a l  
X Y '  
c u r r e n t s  of t h e s e  s t a t e s  i m p l s c a t .  
E q .  (IV-4) o r  eq.  (IV-15), i s  c o r r e c t  f o r  a l l  n u c l e a t i o n  s t a t e s .  
For k  Z 0, t h e  reduced one-or two-dimensional i n t e g r a l  e q u a t i o n  ( e . g .  
Y 
e q ,  (IV-16) f o r  T $ 0 ,  and e q ,  (C-14) f o r  T = 0 )  must now be  modi f i ed ,  
The rnod i f i ca t ron  IS ,  however, n o t  very d i f f i c u l t ,  i f  the fo l lowing  p o i n t  
1s observed :  For k = 0  c a s e ,  w e  e v a i u a r e d  t h e  fo l lowing  two-dimensional 
Y 
incegrai an order to reduce our r n r e g r a l  e q u a r l o n  t o  a s i m p l e r  form: 
i+i ' i'ci ' " wi t h  a = (------ - 2  co)  and ( - G,), f o r  ehe d i r e c t  and t h e  2 ( 4 + i t )  
image terms of t h e  k e r n e l  r e s p e c t i v e l y .  For k  $ 0 c a s e ,  t h i s  i n t e g r a l  Y 
i s  changed t o  
r r  exp i i [ E y n  - a51 
d5dn 1 1 S i n h  (;[;I) 
where k = kyCH. C l e a r l y ,  t h i s  i n t e g r a l  can b e  reduced t o  t h a t  of t h e  
Y 
- 2)1'2, i f  we former c a s e  ( i .  e .  (IV-23)) , excep t  f o r  t h e  change a+(a +k
Y 
perform t h e  f o l l o w i n g  change of v a r i a b l e s :  
-2 -1/2 
t;' = ( a 2 + k )  [at; - k n l  
Y 
and 
T h i s  i n d i c a t e s  t h a t  t o  go from t h e  k  = 0 c a s e  t o  t h e  k # 0 c a s e ,  we 
Y Y 
need o n l y  make t h e  fo l lowinp  changes:  
and 
and e q s .  (IV-16) and (C-14)  w i l l  aga fn  become v a l i d .  Thus i t  i s  s e e n  
t h a t  t h e  c a s e  w i r h  k # 0 i s  n o t  much h a r d e r  t h a n  t h e  c a s e  w i t h  k  = 0 ,  
Y Y 
2. 
and can be  a t t a c k e d  by v a r i a t i o n a l  method, a t  l e a s t  f o r  T  = O°K,  i n  
j u s t  t he  same way a s  we d i d  i n  t h i s  chapter  f o r  t h e  c a s e  w i t h  k  = 0 .  
Y 
This  w i l l  l e a d  0s t o  rhe dependence of the p a r a l l e l  c r i t i c a l  f i e l d  on 
kx and k i . e .  t h e  funcrion B . (kx ?ky) ar l e a s t  f o r  T O°K. However, 
Y '  c l  i 
due L O  rhe f a c t  tl-rai  he expressson for ~fze current IS t o c ~  complicated 
for L O ~ ~ U L ~ L I O ~ ~ J  purposes, we s h d r  not be able co obtain the de- 
pendence of rhe parii i l lel  czzrlcal fseid on the roral currenE f lowing 
i n s i d e  t h e  sample ,  whrch 1s of more p h y s i c a l  i n c e r e s r ,  (We must 
remember, however, char  t h e  t o t a l  c u r r e n t  i s  always i n f i n i t e s i m a l ,  s o  
long a s  t h e  gap e q u a t i o n  i s  l i n e a r i z e d . )  Th is  p o i n t  combined w i t h  t h e  
f a c t  c h a t  even H (kx9ky)  can on ly  be  c a l c u l a t e d  by numer ica l  method C I  I 
which r e q u i r e s  enormous computer ~ i m e ,  l e a d  us  t o  conclude t h a t  t h i s  
problem i s  n o t  rewarding enough r o  be worthwhi le  f o r  us t o  c a r r y  o u t  
t h e  computat ion,  The c a s e  w i t h  k = 0 ,  however, have been s t u d i e d  by 
Y 
us  f o r  q u i t e  a range  of k which is  i n  f a c t  a  by-product of our  
x 
v a r i a t i o n a l  c a l c u l a t i o n  of t h e  s u r f a c e  n u c l e a t i o n  c r i t i c a l  f i e l d  H c3 '  
We t h e r e f o r e  supp ly  below a l l  t h e  in formar ion  we have on t h e s e  k = 0 
Y 
n u c l e a t i o n  s t a c e s  (cor responding  r o  s t a t e s  wi rh  c u r r e n t  f lowing on ly  i n  
t h e  d i r e c t i o n  p e r p e n d i c u l a r  t o  t h e  a p p l i e d  f i e l d ,  and p a r a l l e l  t o  t h e  
s u r f a c e ) ,  These r e s u l r s  a r e  f o r  T  = 0 ° K  o n l y ,  and t h e y  a r e  v a r i a t i o n a l  
r e s u l t s  u s i n g  a  g a u s s l a n  f u n c r i o n  c e n t e r e d  a t  r h e  sample s u r f a c e  a s  
our  c r i a l  wave f a n e t i o n :  
1 2 
~ ( c )  = N exp[- a 5 1.  (IV-26) 
I n  f i g .  2 we f i r s t  g l v e  some t y p i c a l  curves  showing how t h e  
"e igenvalue"  E - V ,  (I l n [ e /  (2yh)  s e e  eq .  ( - 9  , i s  minimized 
w , r . t .  t h e  parameter  a ,  f o r  v a r i o u s  v a l u e s  of 5 (= Z /eH = -k 5 ). 
o  o  x H 
The minimlzed E . V .  1s r e l a r e d  r o  H ( ~ J t h r o u g h  h  = (2eH)(vF/2nTc) 2 
cl  I 
a s  i s  d e f ~ n e d  I n  she  beginning of Appendix C. The q b a n t i t y  H i s  
c3  
of course obtasned  by farther rnznimiz~ng H f io! w . r . t ,  she  parameter  
cl I 
5,. I n  f i g .  3 we ploc B (501/Hc2 as a f a n c t ~ o n  of c and i n  f i g ,  4 C I  I 0 ' 
w e  plor: a icorrespond~ng r.o R as a f u n c t s o n  of 5 which shows 
m s f l  e l  I 0 
5 2 
che dependence of t h e  approximace pair-wave-function on t h e  parameter  
ios through eq, (TV-26)* We a l s o  snrnma-rize ~hese r e su l t s  in t h e  
f e l l o w l n g  t a b l e s  : 
-112 u = a / ( l + a )  E . V .  = 
C1"'2 G o  ( e r r o r :  + 0.05)  ~1 min 1 3  Hc I I (10) lHc3  
- 
l n [ e / ( 2 y h )  =2exp [-2xE . V .  ] 
( N o t i c e  = h a t  H ( i o  = a) = Hc2 cor responds  t o  E.V.  = ln(2 ' l2)  = 0.3465. C I  I 
The < = 0  s e a t e  is  a l s o  s t u d i e d  i n  Appendix C ,  where we f i n d  t h e  501- 
0 
lowing s e t  of more accu ra t e  d a r a :  u = 0.5316, amin = 1 , 1 3 5 0 ,  E . V .  = 
5 3 
To pirrpoint :  t h e  clpttmtarn state, rlre have s t u d j e d  t h e  r e g i o n  
0,40 < 2 -I/? 
- 
i 0-50 la more d e ~ a i L  and wich  b e ~ t e r  accuracy: 
- 
-1 / 2 u  = a l (1Ca)  E . V .  = 
r1=2 ro a  
Hc / I ( i 0 ) l H c 3  
e r r o r :  4- 0 , 0 1  
- min I n [ e /  (2yh) 'I2] =2exp[-2xE.V. 1 
We remark t h a t  our  v a r i a t i o n a l  approach i s  n o t  v a l i d  f o r  l a r g e  
5 s t a t e s ,  f o r  which our  t r fa l -wave- func t ion  i s  v e r y  poor .  We t h e r e -  
0 
f o r e  expec t  a  + 0 a s  5 + . Near t h e  optimum s t a t e ,  however, we 
0 
b e l i e v e  t h a t  t h e  chosen t r i a l  wave f u n c t i o n  shou ld  be q u i t e  good. 
CHAPTER V 
CALCULATION OF H FOR PURE SAMPLES 
c  3  
NEAR THE LANDAU-GINZBURG REGION 
I n  t h i s  c h a p t e r ,  we want t o  s t u d y  H f o r  p u r e  samples i n  t h e  
c  3 
h igh  t empera tu re  l i m i t .  We have adopted two approaches  in a t t a c k i n g  
t h i s  problem. 
We f i r s t  p r e s e n t  an  o v e r - a l l  view of t h e s e  two approaches ,  a s  
t h e  d e t a i l s  of them a r e  q u i t e  t e d i o u s :  
I n  b o t h  approaches ,  we s h a l l  s t a r t  w i t h  t h e  LGE found i n  Ch. I V ,  
i . e .  eq.  (IV-4), which h a s  been shown i n  t h e  e a r l i e r  c h a p t e r s  t o  be  
a p p r o p r i a t e  f o r  s t u d y i n g  s u r f a c e  n u c l e a t i o n  i n  a  sample d e s c r i b e d  in 
t h e  beg inn ing  of Ch. 111. It i s  t h e r e f o r e  o n l y  t h e  ways we t r e a t  
t h i s  e q u a t i o n  which a r e  d i f f e r e n t  i n  t h e  two approaches .  
Two c h a r a c t e r i s t i c  l e n ~ t h s  a r e  going t o  p l a y  v e r y  impor tan t  
r o l e s  i n  b o t h  approaches .  We t h e r e f o r e  r e s t a t e  t h e i r  d e f i n i t i o n s :  
%(T) = V p j  (2nT),  and SH = (2eH) -'I2. L a t e r  w e  s h a l l  i d e n t i f y  H 
w i t h  H (T) ,  cH w i l l  t h e n  become a  d e f i n i t e  f u n c t i o n  of T. We have 
c  3 
in t h i s  c h a p t e r  l i m i t e d  o u r s e l v e s  t o  T  % T  . I n  t h i s  t empera tu re  
C 
range ,  we expec t  H ( T )  a (1- t )  (assuming t h a t  our  r e s u l t s  w i l l  
c3  
a g r e e  w i t h  Saint-James and d e  ~ e n n e s "  i n  t h e  L-G r e g i o n ,  a  f a c t  we 
can check ) We t h e r e f o r e  have SH a S o ( I - t )  -112 '> to .  
A good expansion parameter  i s  t h e r e f o r e  given by t h e  combination 
1/2 (So /< , )  which i s  . ( l - t )  
In Chapter  11, section L, we have made the  fo l lowing  d e f i n i t i o n :  
55 
-?- 
A funcrisn F ( r )  is S P - I ~  t o  b e  ' 'SLOWLY varying"  ( (hencefor th  r e f e r r e d  
-+ 
L O  as i T S V Z I )  at. r lf : 
-$ 
1 br F 1 = I [ a r  + t i e  A(;) 1 F(;) / % 5;' 1 F(;) 1 (v-1) 
+ 
We now add t h e  d e f i n i t i n - -  vi-i,:' - r l lnct ion F ( r )  i s  " r a p i d l y  
va ry ing"  ( h e n c e f o r t h  r e f e r r e d  t o   as"^^") a t  2 i f :  
Both e q s .  (V-1) and (V-2) a r e  gauge i n v a r i a n t  s t a r e m e n t s .  
I n  our  f i r s t  approach,  we s h a l l  o n l y  s e e k  f o r  t h o s e  s o l u t i o n s  o f  
o u r  LGE which a r e  s lowly  v a r y i n g  everywhere i n s i d e  t h e  sample (hence- 
f o r t h  referredtoas1'ESV") - a s t r o n g  l i m i t a t i o n  which we do n o t  know 
' whether  i t  w i l l  l e a d  u s  t o  any th ing .  Using t h i s  l i m i t a t i o n ,  
13 however, we can expand o u r  LGE i n  t h e  way Gor'kov o b t a i n e d  h i s  
mic roscop ic  d e r i v a t i o n  of t h e  L-G e q u a t i o n .  Our expansion paramete r  i s  
co'cH % ( l - t j l / Z $  a s  i s  h i s .  We remind t h e  r e a d e r  of t h e  r e s u l t  of 
Ch. 11, s e c t i o n  3,  t h a t  i n  t h e  i n f i n i t e  sample c a s e ,  a s  c o n s i d e r e d  
by Gor 'kov i n  h i s  d e r i v a t i o n  of t h e  L-G e q u a t i o n ,  t h e  expansion of 
t h e  LGE t o  any o r d e r  g i v e s  a  f i n i t e  o r d e r  d i f f e r e n t i a l  e q u a t i o n  of 
c o n s t a n t  c o e f f i c i e n t s ,  whose s o l u t i o n s  a r e  "ESV". Gor1kov 's  expansion 
i s  t h e r e f o r e  s e l f - c o n s i s t e n t .  
When we expand o u t  our  LGE t o  any o r d e r ,  we always f i n d  some e x t r a  
terms ( c a l l e d  s u r f a c e  l a y e r  t e r m s ) ,  i n  a d d i t i o n  t o  t h o s e  i n  t h e  cor -  
r esponding  d i f f e r e n t l a 1  e q u a t i o n  found f o r  an i n f i n i r e  sample t o  the  
-+ 
same o r d e r  ( c a l l e d  b u l k  terms), The s u r f a c e  l a y e r  terms i n v o l v e  r-de- 
pendent e o e f f z c s e n t s  which are  n o n - v a n l s h ~ n g  o n l y  f o r  Z ; 5 . They a r e  
0 
t h e r e f o r e  n e c e s s a r b l y  "PV" a t  2 ; E 0 ,  The s o l u r i o n s  of such an e q u a t i o n  
5 6 
are in general a 1  s o  "RV" a t  7: ; io. To see w h e t l ~ e r  such an equa t ion  
does admlk ""E~'bo.Liur  ions, we rl iufi~ examine w h e t  tlle&e surirace 
Layer terms v a n l s h  when we eniorce the "EESV" nature sf i t s  s o l u t i o n s .  
I f  they  do ,  t h e  c o n c l u s i o n s  a r e  c o n s i s t e n t  w i t h  t h e  o r i g i n a l  assumption,  
and a r e  t h e r e f o r e  v a l i d .  I f  n o t ,  t h e  r e s u l t s  must be  abandoned. 
L 
I n  t h i s  way, and by expanding our  LGE o n l y  t o  o r d e r  (6 / 6  ) , 
0 H 
o r  ( 1 - t ) ,  we have  o b t a i n e d  a  g a u g e - i n v a r i a n t ,  comple te ly  m i c r o s c o p i c ,  
s imul taneous  d e r i v a t i o n  of b o t h  t h e  l i n e a r i z e d  L-G e q u a t i o n ,  i . e .  
eq.  ( 1 1  1 )  , and t h e  " s tandard  B .  c." f o r  i t  ( a s  ~ i i d e r s "  c a l l s  i t )  , 
i . e .  eq.  (11-5). To s e e  how t h e  B . C .  w i l l  a l s o  come o u t ,  t h e  r e a d e r  
i s  reminded t h a t  i n  Ch. I V ,  we have p o i n t e d  o u t  t h a t  t h e  e x a c t  LGE, 
eq. (11-41, i m p l i e s  t h e  au tomat ic  s a t i s f a c t i o n  of t h e  e x a c t  B . C .  
:-; t) (IV-3), which i s  n o t h i n g  b u t  t h e  " s tandard  B . C . "  f o r  t h e  L-G e q u a t i o n .  
A f t e r  t h e  expansion i n  t h i s  approach,  we s h a l l  show t h a t  t h i s  p e c u l i a r  
p r o p e r t y  is s t i l l  r e t a i n e d  ( t o  t h e  o r d e r  of i n t e r e s t )  by t h e  complete  
d i f f e r e n t f a l  e q u a t i o n  i n c l u d i n g  t h e  s u r f a c e  l a y e r  t e rms .  To second 
o r d e r  t h e  s u r f a c e  l a y e r  terms a r e  t h e n  shown t o  g i v e  v a n i s h i n g  n e t  
e f f e c t  t o  t h o s e  "ESV" s o l u t i o n s  of t h e  complete  d i f f e r e n t i a l  e q u a t i o n  
u s i n g  t h e  f a c t  t h a t  t h e y  must s a t i s f y  t h e  e x a c t  B . C .  The s u r f a c e  
l a y e r  terms can t h e r e f o r e  be  dropped a t  t h e  expanse  t h a t  t h e  e x a c t  
B . C . ,  eq.  (IV-3),  must now be added to e h e  e q u a t i o n  a s  an independent  
requ i rement .  
I n  t h e  n e x t  s t e p  s f  t h i s  approach,  we ex tend  our  expansion of 
3 t h e  LGE t o  o r d e r  ( 5  itH) o r  ( I - t )  f o r  tic3. To t h i s  o r d e r ,  however, 
0 
we frnd char t h e  surface Layer rerms no l o n g e r  vanrsh f o r  n u c l e a t i o n  
s e a t e s  i n  t h e  neighborhood s f  the oprimum one.  Our f i r s t  approach 
is therefore xnvalsd froin this order on*  We shall use the phrase 
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"L-6 region" to mean t h e  teemperarure region In whrch Sainr-Jarnes and 
de Lennes\~euic.$ are vdxn, [>ur f i _ i & c  d p p r o a ~ i i  i s  therefore valid 
only  i n  the L-G r e s l o n u  An exact crlceraon for t h e  "L-G r e g ~ o n "  w i l l  
be  g iven  l a t e r .  For che p r e s e n t ,  i t  o n l y  means t h e  t empera tu re  
r e g i o n  i n  which t h e  LGE need on ly  b e  a c c u r a t e  t o  O(1- t ) .  
For T n o t  i n  t h e  L-G r e g i o n ,  we need o u r  second approach.  I n  t h i s  
approach,  we assume t h a t  t h e  p a i r  wave f u n c t i o n  i s  made of two components: 
a  "ESV" component, and a  "RV" component vanishing excep t  when 2 5 . 
0 
T h i s  assumption i s  v a l i d  because  our  EGE, eq.  (IV-41, r educes  t o  t h a t  
of t h e  i n f i n i t e  sample c a s e  when Z >> 5 . We can  t h e n  expand our LGE 
0 
s t  
a s  i n  our  1 approach,  f o r  t h e  ESV component o n l y .  S e p a r a t e  t h e  
"SV1'- and t h e  "RV"- p a r t s  of t h e  EGE, we g e t  two coupled e q u a t i o n s :  
To any f i n i t e  o r d e r  i n  l - t 2  t h e  "ESV" component, c a l l e d  
t h e  b u l k  component, i s  d e f i n e d  t o  s a t i s f y  t h e  same d i f f e r e n t i a l  e q u a t i o n  
a s  is  s a t i s f i e d  by t h e  complete  p a i r  wave f u n c t i o n  i n  a n  i n f i n i t e  sample 
+ 
c a s e ,  i . e .  eq.  (11-35), w i t h  no r-dependent s u r f a c e  l a y e r  t e rms .  The 
"RV" component, c a l l e d  t h e  s u r f a c e  l a y e r  component, w i l l  t h e n  s a t i s f y  
an  inhomogeneous i n t e g r a l .  e q u a t i o n  w i t h  s o u r c e  t e rms  p r o p o r t i o n a l  t o  
t h e  b u l k  component of t h e  p a f r  wave f u n c t i o n  and i t s  d e r i v a t i v e s .  T h i s  
i n t e g r a l  e q u a t i o n  can no l o n g e r  b e  reduced t o  any d i f f e r e n t i a l  e q u a t i o n ,  
because  i t  no l o n g e r  c o n r a i n s  any s m a l l  expansion parameter  such a s  
I n  t h e  L-G r e g i o n ,  i t  can b e  shown t h a t  t h e  second e q u a t i o n  admi t s  
on ly  t h e  ~rlviaE s o l u t i o n .  The p a i r  wave f u n c t i o n  t h e r e f o r e  c ~ n t a i n s  
only t h e  "ESV" csrnponene, Our f i r s c  approach is  t h e r e f o r e  n e c e s s a r i l y  
\ d a d  in c h i s  r e g l o n ,  This proves char  In rhe  L-G region, t h e  s o % u t f o n s  
of the L-G equation (LC-3) p l u s  the  s t a n d a r d  B.C, (11-5), exhaust  a l l  
5 8 
pcssxb i  e soL~r r  i o n s  of t h e  exac t  I,(;F, eq. ( L \ 7 - 4 ) ,  
In the non-L-6 i e g i o n ,  i C  is found t h a t  t he  second equation no 
Longer a d m i t s  t he  t r i v s a l  s o i u r s o n ,  Our LGE is therefore a genuxne 
i n t e g r a l  e q u a t i o n  t o  any o r d e r  h i g h e r  t h a n  t h e  second,  c o n t r a r y  t o  
t h e  i n f i n i t e  sample c a s e ,  f o r  which an approximate  f i n i t e  o r d e r  d i f -  
f e r e n t i a l  e q u a t i o n  can always be  o b t a i n e d  by t r u n c a t i n g  eq.  (11-35) t o  
any o r d e r  of i n t e r e s t .  
I n  t h e  non L-G r e g i o n ,  we must t h e n  s o l v e  t h e  two coupled e q u a t i o n s .  
The c o u p l i n g  i s  r a t h e r  i m p l i c i t ,  a s  t h e  f i r s t  e q u a t i o n  does  n o t  ap- 
p a r e n t l y  i n v o l v e  t h e  s u r f a c e  l a y e r  component, The coup l ing  comes about  
because  a B . C .  i s  r e q u i r e d  f o r  t h e  b u l k  component t o  be  we l l -de f ined .  
The most g e n e r a l  B . C .  t h a t  can be  accep ted  is  t h e n  d i s c u s s e d .  I n  gauge 
B ( s e e  Ch. 11, s e c t i o n  1, f o r  d e f i n i t i o n ) ,  i t  can on ly  c o n t a i n  an  un- 
known c o n s t a n t ,  Th i s  c o n s t a n t  i s  determined by t h e  second e q u a t i o n ,  
a s  t h e r e  i s  o n l y  one v a l u e  f o r  t h i s  c o n s t a n t ,  f o r  which t h e  second 
e q u a t i o n  admi t s  f i n i t e  s o l u t i o n s !  The f i r s t  e q u a t i o n  f s  t h e n  so lved  
t o g e t h e r  w i t h  t h i s  B , C . ,  by a  p e r t u r b a t i o n  scheme. It i s  shown t h a t  
t h i s  p e r t u r b a t i o n  scheme i s  e a s i l y  a p p l i e d  t o  two o r d e r s  beyond t h e  
L-G r e g i o n .  T h i s  a l lows  u s  t o  g e t  a  f o u r t h  and a  f i f t h  o r d e r  cor -  
r e c t i o n  term t o  H ( n o t  t h i r d  and f o u r t h ,  even though t h e s e  a r e  
c3 
t h e  e x t r a  o r d e r s  c o n s i d e r e d  i n  t h e  LGE beyond t h o s e  f o r  t h e  L-G r e g i o n ) .  
2 Thus r h e  lowes t  o r d e r  c o r r e c e l o n  t o  H i s  ~ ( 1 - t )  . S i n c e  H i n  t h e  
c 3 c  3 
L-G r e g i o n  i s  a l r e a d y  a ( l - e ) ,  i t  i n d a c a t e s  t h a t  ehe L-G r e g i o n  can be  
( i i i )  defined by che c r i t e r s o n  (1-t) - <  1, so  f a r  as H i s  concerned.  
c  3 
L Our fourth o r d e r  c o r r e c t s o n  ( ~ ( 1 - t )  ) of  Hc3 Eurns out  t o  be 
s d e n i l c a l  ro  that ob~alned by ~ ~ d e r s , ' ~  wh~ch p r e d i c t s  t h a r  t h e  r a t i o  
HcJ/Hc2 shou ld  drop lineaily from 1.7 as 2 gers si~ghilp belois T ( f o r  
C 
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p u r e  sample 1z7itIi speirul.cirl y ref  1 e c ~ 1 . v ~  su r face  oz-ily-), We, however, 
- L f o ~ ~ r t b  order one for (1-t) - 10 ! This  &&urn also p r e d i c c s  t h a t  
Hc3 /Hc2  w i l l  d r o p  below T - w i t h  an even f a s t e r  speed!  Comparing 
c  
t h e s e  p r e d i c t i o n s  w i t h  o u r  bow temperature r e s u l r s  (H 1 . 9 3  
~ 3 ' ~ c 2  x 
w i t h  a  v a n i s h l n g  i n i t r a l  s l o p e ) ,  we f i n d  t h a e  H /Hc2 f o r  p u r e  samples  
@ 3 
w i t h  s p e c u l a r l y  r e f l e c t i v e  s u r f a c e  cannot  b e  d s s c r i b e d  by a  s i m p l e ,  
monotonic f u n c t i o n  i n  t h e  f u l l  r empera tu re  r a n g e  0 2 T 2 T . 
C 
We now b e g i n  K O  p r e s e n t  t h e  f u l l  d e ~ a i l s  of t h e  c a l c u l a t i o n .  
The F i r s t  .Approach 
We f i r s t  w r i t e  down our  LGE: 
I 1 '  
+ IZf,,O k") ;-R~,;' I ) exp[ -2 ie  +: J + , A ( &  .dijfi(;> dl?.  
(V-3)  
For k 0  we a n  u s  e (11-311, a s  t h e  f requency  cu t -o f f  needs  
nos b e  t a k e n  c a r e  of a t  t h e  p r e s e n e  moment. 
+ 
For TIT k(" ( i  ) v a n l s h e s  f o r  R j  ; - to .  For  our  p r e s e n t  
c  
+ 
approach ,  we assume ~ ( r )  -&o be "ESV", A s  i s  mentioned I n  t h e  
o u t l r n e ,  we a t t e m p t  t o  expand eq* ( V - 3 )  r n t s  rerms of  d i f f e r e n t  o r d e r s  
i n  (ko/cH). For r h l s  p u r p o s e ,  w e  u s e  r h e  a l t e r n a t i v e  form of eq .  ( V - 3 ) ,  
1 e ,  e g ,  (IV-7) : 
+ - + +  + + z * z '  ' ' -f 
- -  where R = r - r ' ,  r ' R - r 1  - - 2 - - Z f r l  Z - z r  z-z ' r w i t h  = r - 2 ( 2 - r )  
-r 
--f 
and br = V + 21e i(;). 
r 
We remind t h e  r e a d e r  of t h e  d i s c o v e r y  i n  Ch. I V  t h a t  b o t h  e q s .  
(V-3) and (V-4) imply t h e  a u t o m a t i c  s a t i s f a c t f o n  of t h e  f o l l o w i n g  
e x a c t  B . C . :  
I n  eq ,  (V-4), we can expand a l l  of t h e  e x p o n e n t i a l  o p e r a t o r s  
+ 
L ( a s  we d i d  t o  eq.  (TI-34)  t o  g e t  (11-35),  s i n c e  D a c t i n g  on A(:) 
r 
-1 -Z -t 
w i l l  g i v e  a  f a c t o r  of 5 , w h i l e  a l l  l e n g t h s  such a s  181 , Ir -r 1 , H 2 
IR~,;'-; / and I;'-; I a r e  of t h e  o r d e r  < due t o  t h e  s h o r t  r ange  2 2  0 
(0) n a t u r e  of t h e  z e r o - f i e l d  k e r n e l  k  . 
A f t e r  t h e  expans ion ,  we s h a l l  c a l l  a l l  of t h o s e  terms ob ta ined  
from t h e  f i r s t  term a t  t h e  R.H,S. of  eq. (V-4), " t h e  b u l k  terms";  
w h l l e  t h o s e  from t h e  second term a t  t h e  R.H,S. of eq.  (V-4) a r e  " t h e  
s u r f a c e  l a y e r  terms".  N o t l c e  t h a t  t h e  b u l k  t e rms  a r e  a l s o  i n  t h e  
cor responding  expansron f o r  t h e  i n f i n i t e  sample c a s e  ( s e e  e q s .  ( 1 1 - 3 4 ) ,  
(11-35)) ,  and t h e y  w i l l  i n v o l v e  d i f f e r e n t i a l  o p e r a t o r s  a c t i n g  on 
-f 
n ( r ) ,  w i t h  consrane coef f l ceen izs ,  On t h e  o t h e r  hand, t h e  s u r f a c e  
l a y e r  cerrns a r e  e n t i r e l y  d u e  t o  t h e  boundary,  and t h e y  w i l l  i n v o l v e  
+ 
d ~ f f e r e n t l a l  o p e r a r o r s  accrng on  A(r), wltb space-dependent coef -  
fzc~ents, non-vanishing o n l y  zn t h e  s u r f a c e  Layer Z : 
,. 5,' 
To second order, t h e  expansion g i v e s :  
where S L T ( I I ) ,  t h e  s u r f a c e  l a y e r  t e r n s  t o  second o r d e r ,  a r e  computed 
i n  Appendix F: 
1.2 
SLT (11) = -2Xl (z )  $ Z ~  (G) + 2zx1 (z )  Qz A (2) , (v-7 .I 
r 
w i t h  x ( z )  = d;' z 1  k ( ~ )  ( 1 -  I ) ,  and t h e  c o n s t a n t s  { a  a r e  1 - Jz1 .0  n  
d e f i n e d  i n  Ch. 11, eqs  . (11-36) , (11-40) th rough  (11-42) . To our  
p r e s e n t  o r d e r  of i n t e r e s t ,  we can w r i t e :  
% 
a  = 1 +  Ih l  N(o) ( 1 - t ) ,  
0 (V-8) 
Eq. (V-6) t h e r e f o r e  becomes: 
(V-10) 
We n o t i c e  t h a t  shou ld  t h e  l a s t  term i n  t h e  L.H.S. of t h i s  
e q u a t i o n  be a b s e n t ,  we would have g o t  t h e  l i n e a r i z e d  L-G e q u a t i o n ,  
v i z ,  eq. ( 1 1 - l ) ,  whose s o l u t i o n s  a r e  "ESV". But w i t h  t h e  e x t r a  
s u r f a c e  l a y e r  terms i n  i t ,  which a r e  n e c e s s a r i l y  "RV" due t o  t h e  
appearance of x ( z ) ,  we a r e  no l o n g e r  s u r e  t h a t  eq. (V-10) w i l l  1 
s t i l l  admit  "ESV" s o l u t a o n s .  However, we a l s o  n o t i c e  t h a t  s i n c e  
Z is r e s t r i c t e d  t o  t h e  neighborhood of Z=0 i n  t h e s e  s u r f a c e  l a y e r  
-* 
t e r m s ,  w e  can f u r t h e r  expand h ( r )  and i t s  d e r i v a t i v e s  i n  a  Tay lor  
se r ies ,  i n  t h e  gauge i n  which A = 0, 1 vZh (G) 1 1 1 ?zh (;) 1 1 h ( z )  1 . Z 
Thus ts o r d e r  5 -2 * H a  
% 
On t h e  o t h e r  hand,  i f  we app ly  V Z  t o  b o t h  s i d e s  of eq.  ( V - 6 ) ,  
and t h e n  s e t  z = o ,  we g e t :  
- 2  d  t o  o r d e r  CH , where u s e  h a s  been made of t h e  i d e n t i t y  [- x ( z ) ] ~ = ~  = dz 1 
1 
- a  as is  g i v e n  i n  Appendix F. Th i s  means t h a t  o u r  approximate  LGE, 2 0 '  
eq.  (V-6) and hence eq .  (V-lo), s t i l l  i m p l i e s  t h e  au tomat ic  s a t i s f a c t i o n  
of t h e  e x a c t  B . C . ,  as does t h e  e x a c t  LGE eq .  (V-3) o r  ( V - 4 ) ,  excep t  
-2 
t h a t  t h i s  t ime  i t  i s  Erue o n l y  t o  o r d e r  SH . 
Combining eqs .  (V-11) and (V-12), we s e e  t h a t  we can simply d rop  
t h e  s u r f a c e  l a y e r  t e rms  i n  eq.  (V-6) o r  (V-10) a s  t h e i r  n e t  r e s u l t  
v a n i s h e s  t o  t h e  o r d e r  of i n t e r e s t .  
I n  t h i s  way we  have proved t h a t  t o  second o r d e r ,  our  LGE can 
s imply be  r e p l a c e d  by t h e  l i n e a r i z e d  L-G e q u a t i o n :  
6 3 
Bucl during t h e  pccicess  of d e r ~ v ? n g  1 ~ -  have 7osr ^the ~nformation 
~ l ~ a c   he exacs BeCe ~ l l ; i u L d  d i w a y ~ - ,  be ha~15f.~~a, w e  rlaeeerortz slaoaid 
now add s h e  B,C. r o  aquaclon (V-13), a s  an ~ n d e p e n d e n t  condrc ion :  
T h i s  compleres our  s imul taneous  d e r i v a t i o n  of t h e  l i n e a r i z e d  L-G 
e q u a t i o n  and t h e  "s-candard B c C P u ,  f o r  a  sample wish a  boundary,  w i t h  
a s o l u c i o n  whach i s  "ESV", t h e r e b y  j u s t i f i e d  t h e  s e l f - c o n s i s t e n c y  o f  
( f x  
o u r  i n i t i a l  assumpsion. A s  i s  s e e n ,  o u r  d e r l v a c l o n  i s  gauge i n v a r i a n t ,  
and comple te ly  mic roscop ic .  
From t h e  d e r i v a t i o n ,  we s e e  t h a s  eq .  (V-13) i s  v a l i d  everywhere 
i n s i d e  s h e  sample,  i n  d e s c r i b i n g  t h e  p a i r  wave f u n c t i o n ,  excep t  f o r  
-I 
Z ; PF where t h e  k e r n e l  of our  LGE i s  i n a c c u r a t e  ( s e e  t h e  
i l - )  
d e r i v a t i o n  of t h e  k e r n e l  i n  Ch. I V ,  and a l s o  f o o t n o i e  3 . 
W e ' a l s o  n o t i c e  t h a t  i f  we d e f i n e  a  s c a l a r  p roduc t  i n  t h e  p r e s e n t  
problem by : 
t h e n  we observe  t h a t  our  e x a c t  EGE,  eq.  ( V - 3 )  o r  (V-4), i s  an  
hermic ian  equacrolx ,  i ? r e  o u r  f ~ n a L  e q u a t i o n s  approximat ing t h e  
exact; LGE, v.1 z eqs i.;. (J-13) and (iJ-14) , even chough e q s .  (V-6) and 
(V-10) do n o t  look  a p p a r e n t l y  l i k e  t o  have c h i s  p r o p e r t y .  
Before  we go on t o  extend t h r s  approach t o  h i g h e r  o r d e r s ,  we now 
want t o  c a u r i o n  t h e  r e a d e r  about  t h e  e x a c t  meaning of t h e  p h r a s e  " t o  
nth o r d e r " .  We have der rved  r h e  l r n e a r l z e d  L-G equar ron  (V-13) and 
n d  
t h e  srarrdard B.C. (V-14) by  expdndrng our exact LGE to 2 order- 
rd But a c t u a l l y ,  these equdclons can a l r e a d y  g r v e  H t o  3 ordex. 
c 3 
3 / 2  
(1 , e ro 0 [ ( I - r j  The reason rs che followrng : 
Eqs* (V-13)  and  ( V - 1 4 )  rvgekhes a r e  essencrally equivalent co 
rq .  ( V - 6 )  , dxcept "Llas~ f o r  ctic Iidt i el \IF iii11sI r c s t r ~ c t  O U T S ~ ~ T J F S  
~0 "ESV" S O ~ U L L O ~ S .  In eq, ( V - 6 1 ,  the bulk rerms a re  a l s o  a c c u r a t e  
t o  jrd o r d e r ,  s l n c e  t h e  lowesr  o r d e r  t e rm n e g l e c r e d  t h e r e  i s  a l r e a d y  
nd 
of 4th o r d e r .  The s u r f a c e  l a y e r  terms a r e  on ly  a c c u r a t e  t o  2 o r d e r ,  
bu t  t h e y  a r e  a l r e a d y  s u f f i c i e n t  r o  de te rmine  a l l  g l o b a l  p r o p e r t i e s  
of A(:), one of which 1s H w i t h  a  t h i r d  o r d e r  accuracy ,  because  t h e  
c3  " 
s u r f a c e  Layer rerms a r e  non-vanishing o n l y  i n  t h e  r e g i o n  Z ; to$  and 
t h e r e f o r e  become one o r d e r  s m a l l e r  a f t e r  be ing  averaged over  t h e  f u l l  
r ange  o f  A (;) , which i s  r ~ S H .  
T h i s  shows t h a ~  Saint-James and d e  Gennes r e s u l t  f o r  H which 
c 3  ' 
3/2  is  p r o p o r t i o n a l  t o  ( 1 - t ) ,  i s  a l r e a d y  a c c u r a t e  t o  0 [ ( 1 - t )  , i n d i c a t i n g  
t h a t  che L-G r e g i o n  can be c h a r a c c e r l z e d  by t h e  c r i t e r i o n  ( 1 - t ) < < l ,  s o  
f a r  a s  Hc3 i s  concerned-  
Let  us  now be  i n t e r e s t e d  i n  H t o  4th o r d e r .  According t o  t h e  
c  3  
a n a l y s i s  made above,  we shou ld  now keep t h e  b u l k  terms i n  t h e  expan- 
r d  
s i o n  of eq. (V-4) r o  4ch o r d e r ,  and r h e  s u r f a c e  l a y e r  terms t o  3  
o r d e r  on ly .  We t h e r e f o r e  get: 
where SLT(I11) = SLT (11) + 6 [SLT(III) I ,  and 
'm,n ( Z j  x i o i  m,n (2) and r ,(Zj  = xo9,(Z), 
a s  can a l l  be  found i n  Appendix F. 
J u s t  a s  we d e r i v e d  e q .  (V-12) from eq.  (V-6) ( excep t  t h a s  i t  
becomes more t e d i o u s  t h i s  t i m e ) ,  we can  a g a i n  prove t h a t  e q ,  (V-16) 
t o g e t h e r  w i t h  (V-17),(V-18) i m p l i e s  t h e  a u t o m a t i c  s a t i s f a c t i o n  o f  
r d  
t h e  e x a c t  B . C .  (V-5), t o  3 o r d e r  i n  (to/<,). 
Again w e  have t o  prove t h a t  SLT(IL1) E 0 t o  t h e  o r d e r  of i n t e r e s t ,  
i n  o r d e r  t o  e s t a b l i s h  t h e  s e l f - c o n s i s t e n c y  of o u r  "ESV" assumption 
about  A(:). (Not ice  t h a t  we shou ld  n o t  prove 6 [SLT(I I I )  5 0 ,  s i n c e  
SLT(I I ) ,  w i t h  a  t h i r d  o r d e r  accuracy ,  i s  no l o n g e r  g iven  by eq.  (V-11) 
which i s  on ly  c o r r e c t  t o  2nd o r d e r . )  What we a r e  a l lowed t o  u s e  i n  
t h i s  proof a r e  t h e  "ESV" assumpt ion ,  t h e  e x a c t  B . C . ,  and one more 
r e l a t i o n :  
w i t h  E be ing  yeE an unknown e i g e n v a l u e .  T h i s  e q u a t i o n  comes from 
t h e  f a c t  t h a t  shou ld  we be  a b l e  t o  prove SLT(I1I)  F 0, t h e n  eq. (V-14) 
reduces  t o  eq. (11-35) ( t r u n c a t e d  t o  4th o r d e r ) ,  and can t h e r e f o r e  b e  
s o l v e d  by t h e  s imul taneous  e i g e n f u n c t i o n  of e q s .  (11-37) and (11-38), 
t o g e t h e r  w l t h  s h e  B . C .  ( V - 5 ) .  E q .  (11-37) i s  j u s t  eq.  (V-19), and 
e q ,  (11-38) i s  ignored  s i n c e  we s h a l l  on ly  be i n t e r e s t e d  i n  t h o s e  
s o l u r s o n s  whrch a r e  independent of y, A s  a s e l f - c o n s i s t e n c y  check,  
we are  t h e r e f o r e  al lowed L C )  use e q .  (V-19)  In advance. 
WE again go to the special gauges I n  which A = 0, $ A(;) = 
Z Z 
2 1 
- [z  x l (z)  + 7 x3(z )1  i ~ n ~ ~ ~ l ~ = ~  ' 
(I' ( z )  (2ieH)iax [O(;)L=~ + . . - 1  
+ X2,2 
r d  t o  3 o r d e r  i n  
The remaining s t e p s  a r e  b e s t  done i n  t h e  s p e c i a l  gauge ( c a l l e d  
i + 
gauge B i n  Ch. 11), i n  which A ( r )  5 (H(z-z o ) ,  0 ,  0 ) .  I n  t h i s  gauge 
we can l i m i t  o u r  i n t e r e s t  t o  t h o s e  p a i r  wave f u n c t i o n s  which a r e  
f u n c t i o n s  of z  o n l y .  Thus eq.  (17-19) g i v e s  : 
2 
- 2  (2eH) Z o o  (0) . (V-22) 
We should a l s o  u s e  t h e  e x a c t  B , C .  (V-5) which becomes 
VzA(z) l o  = 0  i n  gauge B .  However, a n r i c i p a r i n g  t h e  l a t e r  need ,  we 
s h a l l  f i r s t  assume t h a t  A ( z )  satisfies ( i n  gauge B) t h e  f o l l o w i n g  B . C .  
w l t h  a assumed t o  be a second or smali-er order q u a n t i t y ,  By s e t t i n g  
6 7 
a = 0 ,  we can certainly go back t o  the exact B,C. at any s t a g e  sf 
our de~avdefon~ 
Subetitutlng (V-23) Into ( V - 1 0 ) ,  and remembering c h a t  
-2 2  
vZ2a(z )  1 = EH [ i o  
1 O 
- € 1  A(o>,  
and 
3  -3 vz ~ ( 2 )  l o  = -2 EH ioA(o) .  
where 5 = z0/EH a s  i s  used i n  e a r l i e r  c h a p t e r s .  
0 
We can now f u r t h e r  s i m p l i f y  eq. (V-20) t o  g i v e  
t o  t h i r d  o r d e r  i n  (Eo/EH). 
2. 
S e t t i n g  o = o ,  we f i n d  t h a t  SLT(1II)  = 0  o n l y  i f  A ( O ) ~ O ( ~ ~ / < ~ )  
< 0 ( <  / <  ) ,  which correspond t o  t h e  two l i m i t i n g  c a s e s  co  + O r  50 , 0 H 
and -+ 0 ,  r e s p e c t i v e l y .  For t h e  optimum mode, which i s  r e l a t e d  
0 
L 
t o  Hc3, we expec t  t h a t  i 
o  'OM 
= 0.77 ( s e e  Ch. 11, s e c t i o n  I ) ,  s o  
t h a t  SLT(1LI) does  n o t  v a n i s h  t o  r h i r d  o r d e r  i n  ( 5  /tH). T h i s  shows 
0 
t h a t  eq. ( V - 1 6 ) ,  f o r  n e a r  t h e  optimum v a l u e ,  does  n o t  admit "ESV" 
0 
s o l u t i o n s ,  hence c o n t r a d i c t i n g  our  o r i g i n a l  assumption.  
Our f i r s t  approach i s  t h e r e f o r e  i n v a l i d  i f  accuracy  e q u a l  t o  
2  
o r  h i g h e r  t h a n  ( t  o r  (1- t )  , a r e  r e q u i r e d  f o r  H 
0 c 3  ' 
The Second Approach 
Ln chn  lSt approach we have shown t h a t  t h e  "ESV" assumption is 
i n v a l i d  t o  hth or h ~ g h e r  order in H For t h i s  accuracy we t h e r e f o r e  i23 
assume that 
B -. S , L .  +- 
1 - n ( r )  I o i r ) ,  (V-27) 
S.L, 
with A' and A be lng  c a l l e d  t h e  b u l k  component and the  s u r f a c e  
l a y e r  component of t h e  p a i r  wave f u n c t i o n ,  r e s p e c t i v e l y ,  s o  t h a t  A B 
S .L .  
can be assumed a s  an "ESV" f u n c t i o n ,  and h # 0 o n l y  f o r  Z 2, 5  o  
which i s  t h e r e f o r e  n e c e s s a r i l y  "RV" i n  t h i s  r e g i o n .  
T h i s  assumption comes from t h e  f a c t  t h a t  f o r  Z >> 5 , our  LGE 
0 
becomes i d e n t i c a l  t o  t h a t  of t h e  i n f i n i t e  sample c a s e ,  whose s o l u t i o n  
h a s  o n l y  t h e  "ESV" component. 
Using (V-27), we r e w r i t e  o u r  LGE a s :  
The 2nd t e rm i n  t h e  R.H.S. of (V-28) i s  e a s i l y  s e e n  t o  b e  "RV" and 
non-vanishing o n l y  f o r  Z ; to. For t h e  f i r s t  t e rm,  we can app ly  
e x a c t l y  t h e  same expansion p rocedure  a s  was e l a b o r a t e d  b e f o r e .  T h i s  
512 t i m e ,  we s h a l l  be  i n t e r e s t e d  i n H  t o  o r d e r  ( E ~ I S ~ ) ~ ,  O r  (1 - t )  , c 3 
a s  we s h a l l  soon s e e  why. Thus, f o l l o w i n g  t h e  way eqs .  (V-6) and 
(V-16) a r e  o b t a i n e d ,  we now have :  
f -? 
2  B - .  
' 1 2 ~ B ( ; ) + L a  [ 1 $ , / ~ + ( 2 e H )  ] A  ( r )  
= aoA ( r )  + a 2  10 5! 4 
P SLT (IV) , (V-29) 
where SLT(1V) = SET(II1) + S[SLT(LV)], with SLT(1II)  g i v e n  by eq. 
(V-17), except  f o r  the change A +- AB, and 
2  B - t  ( z )  1 (2ieH) h  ( r )  . 
(V-30) 
We s h a l l  f o r m a l l y  w r i t e  eq .  (V-29) a s  : 
r (0)  -+ B B -  I , 5 ( r ,  A )  E D A  ( r ) + ~  S - L -  &;), (V-31) 
, z  > o  
where DB and D S  .L.  a r e  d i f f e r e n t i a l  o p e r a t o r s  which,  when a p p l i e d  t o  
B -. A ( r j ,  g i v e  u s  t h e  b u l k  terms and t h e  s u r f a c e  l a y e r  terms i n  (V-29) 
r e s p e c t i v e l y .  
I n  view of  our  "ESV" requirement  f o r  hB, we now d e f i n e  i t  t o  
s a t i s f y  t h e  f o l l o w i n g  d f f f e r e n t i a l  e q u a t i o n :  
B +  B B - t  A ( r )  = D A ( r ) ,  (V-32) 
-f 
which i s  t h e  same d i f f e r e n t i a l  e q u a t i o n  s a t i s f i e d  by t h e  whole A(r)  
f o r  an  i n f i n i t e  sample c a s e  ( s e e  eq.  (11-35)) ,  when t h e  same accuracy  
i n  ( ~ - t ) l / ~  i s  r e q u i r e d .  
S.L.  Combining e q s .  ( V - 2 8 ) ,  (V-31) and (V-32), we f i n d  t h a t  A 
must s a t i s f y  t h e  f o l l o w i n g  inhomogeneous i n t e g r a l  e q u a t i o n :  
AS.L. -+ f (0) + -+ S.L. DS.L. B i- 
r j  - J ,  ( r , r l ) n  d  = ( r ) .  (v-33) 
, 
Eqs,  (V-32) and (V-33) do n o t  l o o k  l i k e  a  genuine s e t  of coupled 
S ' L ,  
e q u a t i o n s  as A does  n o t  e n t e r  rnco  e q .  (V -32 ) .  However, w e  must 
remember t h a t  we want t o  d e f i n e  nB th rough  (V-32), which i s  n o t  q u i t e  
complere,  s ~ s l c e  a fbnrke  o rde r  d z f f e r e n t i a l  e q u a t i o n  d e f i n e d  f o r  z 2 0 
needs  enoagll B , C , k  sat: z - o i n  order r o  g ive  a un ique  s o l t a t ~ o n  
-i (assuming a ( r )  + 0 as z -1 
Since eq, (V-32) 1s  nosh ing  'DUE eqq, (11-35) ( t r u n c a t e d  t o  4  t l n  
o r d e r ) ,  we can f o l l o w  t h e  a n a l y s i s  t h e r e  t o  s o l v e  i t  by t h e  s imul taneous  
e i g e n f u n c t i o n  o f  t h e  f o l l o w i n g  two e i g e n v a l u e  e q u a t i o n s :  
-?- 
%. 2 B - f  
- 1  or 1 n ( r )  = E ( ~ ~ H ) A ~ ( ; ) ,  
B - f  B -?- Vy A ( r )  = i k  A ( r ) .  07-35) 
Y 
Again we assume no y  dependence i n  hB s o  t h a t  (V-35) i s  t r i v i a l l y  
s a t i s f i e d  w i t h  k = 0. Eq. (V-34) i s  a  2nd o r d e r  d i f f e r e n t i a l  e q u a t i o n ,  
Y 
i t  t h e r e f o r e  needs  o n l y  one B.C.  r e l a t i n g  VZA(;) and A(;) a t  z  = 0. 
S i n c e  l A l  i s  i n f i n i t e s i m a l l y  smal l  f o r  a  n u c l e a t i o n  s i t u a t i o n ,  t h e  
-f --f 
B . C .  must be  l i n e a r  i n  b o t h  Vzh( r ) l z=o  and n ( r )  I Z z o .  Due t o  gauge 
i 
i n v a r i a n e e ,  we must r e q u i r e  V A(r) t o  appear  i n  t h e  combinat ion 
2 / z = o  
2. -f 
V z ( r ) z o .  Also,  H can s t i l l  e n t e r  i n t o  t h e  B . C . ,  b u t  no l o n g e r  
=++ 
A ( r ) .  I f  we f u r t h e r  c o n s i d e r  t h e  t r a n s l a t i o n a l  i n v a r i a n c e  a l o n g  
d i r e c t i o n s  p e r p e n d i c u l a r  t o  t h e  s u r f a c e ,  we conclude t h a t  t h e  f o l -  
lowing is  t h e  most g e n e r a l  B . C .  t h a t  eq.  (V-34) shou ld  t a k e :  
where 
* -f 3- 
r, = r - 2 ( 2 - r )  = ( x , y , o ) .  
+ 
I n  gauge S where $(;) = (H(z-z ) , 0 0 )  and h ( r )  can be  l i m i t e d  
0 
eo a f u n c t i o n  of Z a l o n e  wi thou t  loss of g e n e r a l i t y ,  Eq .  (V-36) 
becomes simply: 
where o can In  gene ra l  be a f u n c t ~ o n  or H (wh~ch can be  expressed  
~k~ioap1-1  6 I and L ( ~ , v l i : i i h  ~ a i i  b~ expressed Ciirocigh Z o / t g )  ET 0 0 
The Zo-dependence of CY an gauge B i s  equavaleue r o  n u n - l o c a i r r y  of 
eq.  (V-36) i n  a  g e n e r a l  gauge,  s i n c e ,  f o r  example, i n  gauge A 
( s e e  Ch* 11, f o r  d e f i n i t i o n )  Z p l a y s  t h e  r o l e  of t h e  x - d i r e c t i o n a l  
0 
+ 
wave number of A ( r ) ,  kx, e x c e p t  f o r  a  p r o p o r t i o n a l i t y  c o n s t a n t .  
We must now f i n d  a  s e l f - c o n s i s r e n t  method r o  de te rmine  a - 
n e c e s s a r i l y ,  through t h e  2nd e q u a t i o n ,  i. e .  eq .  (V-33) . We f i r s t  
n o r i c e  c h a t  eq.  (V-33) i s  a  Fredholm i n r e g r a l  e q u a t i o n  of t h e  second 
k ind  ( s e e  f o r  example r e f .  23 f o r  d e f i n i t i o n ) .  It must t h e r e f  o r e  
obey t h e  f o l l o w i n g  theorem ( s e e  Thm 3 .7 .2  of t h e  r e f e r e n c e  c i t e d  
above) :  "A Fredholm i n t e g r a l  eq t i a t ion  of t h e  second k i n d  can 
p o s s e s s  a f i n i t e  s o l u t i o n  o n l y  i f  i t s  s o u r c e  term i s  o r t h o g o n a l  
t o  a l l  s o l u t i o n s  o f  r h e  cor responding  homogeneous equat ion" .  Apply ix~g  
t h i s  theorem t o  e q ,  (V-33), and n o t i c i n g  t h a t  t h e  cor responding  
homogeneous e q u a t i o n  i s  norh ing  bur  o u r  o r i g i n a l  LGE, whose s o l u t i o n  
B -. i s  s imply A(:) ( n o t  j u s r  A ( r ) ! )  , we rhus  g e t  t h e  f o l l o w i n g  
c r i t e r i o n  f o r  a :  
B S .L .  T h i s  Pooks l i k e  a n o t h e r  s e l f - c o n s i s ~ e n c y  scheme, s i n c e  A = A + A 
can be  determined on ly  i f  a h a s  been found th rough  (v-38). However, 
t h e  s i r u a t i o n  i s  n o t  c h a t  bad ~f  one makes an o r d e r  a n a l y s i s  t o  
e q ,  (V-38) 
S , L e  B - Plrst w e  n o r l e e  t h a t  D LL ( r )  1s j u s t  rhe s u r f a c e  l a y e r  terms 
(SLT), To any o r d e r ,  we can s l rnpl i fy  a t  i n  t h e  way eq. (V-26) i s  
obraaned from e q -  - 7) s l n c e  nB i n  i h i s  approach behaves ve ry  much 
like che A i n  t h e  f i r s t  approach (nB i s  ESV,  e q  (V-34)  cor responds  
t o  eq. ( V - i 9 ) ,  and eq. ( V - 3 1 )  corresponds to eq, (V-33), abL of 
t h e  t h r e e  cond i taons  used t h e r e  t o  s i m p l i f y  e q ,  (V-IS)  a r e  a l s o  
a v a i l a b l e  h e r e ) ,  Thus t o  t h i r d  o r d e r  we g e t  : ( c f .  eq .  (v-26) 
S.L. B -+ 2 -3 B D a ( r )  = i -2Xl(Z)~;la + [ x ( l )  2 ,2 (2) + 7 X ~ ( Z ) I E ~  A (01,  (17-39) 
( i n  gauge B) 
S.L. B -t 
and t o  lower t h a n  t h e  t h i r d  o r d e r ,  we have D A ( r ) a  a .  T h i s  
means t h a t  t o  lower  t h a n  t h e  t h i r d  o r d e r  t h e  L.H.S. of eq .  (V-38) 
i s  CC a. Hence 
CL (0)  = (1) = 0 
ik 
independent  of what is  A (a(") means o  w i t h  nth o r d e r  a c c u r a c y ) ,  
and o n  # 0 f o r  n  - 2 ,  (V-41) s i n c e  beg inn ing  w i t h  , an accuracy  
of D S.L. B + A ( r )  w i t h  non-neg l ig ib le  &-independent terms a r e  r e q u i r e d .  
Thus i n  e q u a t i o n  (V-38), t h e  lowes t  o r d e r  i n  
B o S a L  AB(:) [ f l ( z ) a  + f 2 ( z ) ]  (0) ( i n  gauge B) ,  
(v-42) 
st i s  t h e  3rd o r d e r ,  w h i l e  f l ( z )  is  of 1 o r d e r  and s m a l l e r .  T h i s  
i n d i c a t e s  t h a t  i f  one i s  i n t e r e s t e d  i n  o  t o  (2+n) th o r d e r  (n  - > o)  , 
ik 
one needs  A i n  e q .  (V-38) on ly  t o  nth  o r d e r ,  and i n  f a c t :  
where a l l  p a r e n t h e s i z e d  super -  o r  s u b s c r i p t s  deno te  che accuracy 
r e q u i r e d .  
Eq. (V -43)  shows t h a t  f o r  accuracy up t o  one needs a t  
;L; 
most A (2) which i s  s c i E l  t h e  result i n  t h e  L-G r e g i o n  and h a s  a l r eady  
been given In Ch, il, sc?ct.soiz .Lr l i i  face, Lo t h i s  accuracy n -- A 
B 
is "ESV", and s ince  i n  (V-43) all ~ n c e g r a l s  i n v o l v e  o n l y  t h e  r e g i o n  
Z ; 5 , we can expand A (Z) t o  g i v e :  
0 (2  > 
L A (Z) A(o) + Z  A'(o) +x AH(o) (2)  
= A(o) ( i n  gauge B) , (V-44) 
where A1(o) = 0 because  of t h e  e x a c r  B . C . ,  and ~ " ( o )  = 0 i s  v a l i d  
on ly  f o r  t h e  optimum mode ( s e e  Ch. V I  f o r  more d e t a i l e d  a n a l y s i s  on 
t h i s  p o i n t ) .  Thus f o r  n  - c 2 ,  
which r e q u i r e s  no knowledge about  A(:). 
I n  p r a c t i c e ,  we s h a l l  on ly  b e  i n t e r e s t e d  i n  a ( 3 ) ,  w i t h  n  = 1 
i n  eq.  (V-45), f o r  r e a s o n s  we s h a l l  soon e x p l a i n .  Eq. (V-45) t h e n  
g i v e s  : r 
- 1  dZ f 2 ( 4 ) ( Z )  
a (3) = .+ ( dZ f (Z) 
J 
To f i n d  f  ( 2 )  and f2(4), we have t o  ex tend  e q .  (V-39) t o  one o r d e r  
h i g h e r  accuracy .  T h i s  can b e  done by manipu la t ing  e q .  (V-30) i n  
che way we o b t a i n  eq.  (V-26) from e q ,  (V-17) i n  gauge B ,  u s i n g  
B 
e q s ,  ( V - 3 4 )  , (V-37) and t h e  "ESV" n a t u r e  of A . The r e s u l t  i s  
ch 
r o  4 o r d e r  in (5 /CH)' (la gauge B), 07-47)  
0 
7 4 
Coniparirig eq. 7 -  w i t h  (IT-92) to get f '2 '  and fi4) we then 1 
eva i ua r e  0' ' '  ~ r i  ~ p p e n d l a  G using eq . (V-46) . The r esul~ i s  : 
and t h e  B.  C .  (V-37) becomes: 
i t .  
t o  h th  o r d e r  i n  t h e  L G E ,  where 5 = Z / E  a s  i s  d e f i n e d  i n  Appendix C .  H 
We can now s o l v e  eq.  (V-32) w i t h  t h e  B .  C. (V-49) t o  f i n d  
Hc3 t o  5th o r d e r  i n  ( c o l t H )  o r  (1-t)'". (That t h i s  w i l l  g i v e  H c  3 
t o  5th o r d e r  i n s t e a d  of 4Ch w i l l  soon b e  e x h i b i t e d . )  
We f i r s t  prove t h a t  o n l y  up t o  t h i s  o r d e r ,  we can i g n o r e  any 
change i n  5  f o r  t h e  optimum mode from i t s  cor responding  v a l u e  i n  
0 
t h e  L-G r e g i o n ,  i . e ,  
'OM 
a 0.77 a s  i s  found i n  Ch. 11, s e c t i o n  1: 
For a and 6 5  - 
- Go'50~ s m a l l ,  we have 0 
where 6t(ro,a) = ~(r,,a) - t(ioM,O) i s  t h e  change of t h e  e i g e n v a l u e  of 
eq .  (V-34), which can i n  turn cause  a  change i n  H from i t s  L-G 
c 3 
a & 
value, Firsr we notice chat (y) 0 = 0 s i n c e  E for t h e  e x a c t  B , C .  4 0 ~ f ,  
(a=o) is mintmized at i (see Ch. PI, s e c t i o n  l), Thus i f  we l e t  OM 
u be  g i v e n  by eq. ( V - 4 8 )  which c o n r a i n s  only znd and 3rd o r d e r  t e r m s ,  
7 5 
n d 
and it we are only lookinp for 2 and 3'd order changes i n  6 ~ ,  we 
2 
can then n e g l e c t   he 0. &@rm in (V--50)- This a l l o w s  U S  K O  f e q r i t e  
Minimize 6~ w . r . t .  6 t o  f i n d  t h e  optimum mode, we g e t :  
i n d i c a t i n g  r h a t  6  -. a i s  a l s o  of 2nd and grd o r d e r ,  which means t h a t  
b o t h  t h e  term and t h e  a ( 6 <  ) rerm a r e  n e g l i g i b l e  i n  eq.  (v-51) 0 
and we have s imply 
t o  second and t h i r d  o r d e r .  C l e a r l y  c h i s  proof w i l l  f a i l  i f  e i t h e r  
a c o n t a i n s  oth o r  lst o r d e r  rerm, o r  one more o r d e r  i n  a and 6~ a r e  
cons idered .  
Thus t o  our  p r e s e n t  o r d e r ,  one can u s e  eq.  (V-53) t o  compute 6 ~ .  
a E To f i n d  (-) 0 ,  we r r a c e  back t o  t h e  d e f i n i t i o n  of a ,  i . e .  eq .  
aa  OM, 
B We rhen n o t i c e  t h a r  n ( 5 )  i s  t h e  s o l u t i o n  of e q .  (V-54) which becomes 
2 B - + T21 b B ( ~ )  = cA (T) under t h e  new v a r i a b l e  < = 5- io. T h i s  [- 7
d  r, 
d i f f e r e n r i a l  e q u a t i o n  i s  no ionper i -dependent,  i t s  s o l u t i o n  i s  
0 
t h e r e f o r e  u n ~ q u e l y  c h a r a c r e r r z e d  by t h e  e i g e n v a l u e  t *  Explicitly, we 
B B - 
can t h e n  wrilIe i: ( c , i o , u )  = A ( i , t l s  w i t h  E b e i n g  srrill a f u n c t i o n  of 
aiad o .  
cOFf we  hen have Lf we now f ~ x  < = 
Compare e q s .  ( V - 5 4 )  and , ( V - 5 5 ) ,  and f o l l o w  ~ i i d e r s ~ ~  t o  w r i t e :  
we t h e n  g e t :  
where u s e  h a s  been  made of t h e  f a c t  t h a t  - = 0 which f o l l o w s  
I a=o 
t r i v i a l l y  from t h e  d e f i n i t i o n  of a .  
B ' We a l s o  n o t i c e  t h a t  A la=O i s  e x a c t l y  t h e  a p p r o p r i a t e  s o l u t i o n  
I 
5 0 " 5 0 ~  
f o r  t h e  optimum mode i n  t h e  L-G r e g i o n  ( i n  gauge B ) ,  i t  i s  t h e r e f o r e  
e x a c t l y  t h e  e x p r e s s i o n  g i v e n  i n  e q .  ( I I -8) ,  o r  
2 
wish 5 = E = 0,59010,  i s  an  intrinsic p r o p e r t y  of t h e  p a r a b o l i c  OM 0 
c y l i n d e r  f u n c t i o n ,  To f i n d  t h e  numer ica l  v a l u e  of C i s  f a r  from 
r r i v i a l ,  b u t  f o r t u n a t e l y  , accord ing  t o  ~ ~ d e r s ~ ~  i  has been ex t imated  
by H, Sehul tens  co b e :  
C; 1-36- 
We s h a l l  assume i h l s  v a l u e  L O  be correct, 
From (V-57) and (V-48), w e  have:  
We can now e v a l u a t e  H c3  t o  5Lh o r d e r  i n  ( c o / t H ) :  
F i r s t  we s u b s t i t u ~ e  eq.  (V-34) i n t o  eq.  (v-32) t o  g e t :  
which can be  i n v e r t e d  t o  g i v e :  
We t h e n  compare eq.  (V-63) w i t h  t h e  corresponding e q u a t i o n  f o r  H c2 : 
L 
( s e e  eq.  (11-43), 
t o  f i n d :  
We can now u s e  t h e  S a i n ~ - J a m e s  and d e  Gennes well-known r e s u l t  t h a t  
E = 0 ,5901 ,  c 0  = E ' I 2 ,  and rhe v a l u e s  f o r  a  a g iven  i n  eqs. 
0 0 O 9  a 2 9  4 
(11-40) through (11-42) t o  g e t  : 
I 3 / 2  
= 1 - 0.105 (1-t) - 1 .031  (1-t) - (V-66) 
To f i n d  t h e  ~ e m p e r a t u r e  dependence of Hc3 i t s e l f ,  we u s e  eq. 
(11 -44 )  o r  
where 
t o  g e t :  
w i t h  
The f o l l o w i n g  a r e  t h e  conc lus ions  of our  p r e s e n t  approach:  
Conclusion I 
From eq.  (V-40) w e  s e e  t h a t  i n  t h e  L-G r e g i o n  (i.e. when 
( 1 - e < i l > >  A S . L .  B : 0 and n f A i s  "ESV" s o  t h a t  t o  t h i s  o r d e r  of 
accuracy a l l  s o l u t ~ o n s  at o u r  e x a c t  LGE a r e  a l s o  s o l u t i o n s  of t h e  
linear~zed L-G e q u a t i o n  p l u s  the standard B,C,, 
7 9 
Conclusion 11 
From eq, ( V - 4 1 )  we tind c h a t  be low t h e  L-G region ( r , e ,  when 
(1 - t )  i s  no l o n g e r  n e g l l g l b l e  compared w l t h  I ) ,  none of t h e  s o l u t i o n s  
of our  LGE a r e  "ESV", and a  f i n i r e  o r d e r  d i f f e r e n t i a l  e q u a t i o n  p l u s  
an  e f f e c t i v e  B .  C ,  can a t  most d e s c r i b e  t h e  s u r f a c e  n u c l e a t i o n  c r i t i c a l  
f i e l d  HCj .  and r h e  p a i r  wave f u n c t i o n  i n  t h e  r e g i o n  Z>>t . For t h e  
0 
r e g i o n  Z;F . A:;) i s  n e c e s s a r i l y  d e s c r i b e d  by an non- loca l  i n t e g r a l  
0 
e q u a t i o n .  
Conclusion 111 
nd Using our  2  approach,  we have been a b l e  t o  c a l c u l a t e  H 
c 3 
t o  two o r d e r s  i n  ( ~ - t j " ~  beyond r h e  accuracy  of Saint-James and 
deGennesl r e s u l t  f o r  t h e  L-G r e g i o n .  B e s i d e s ,  we could  i n  p r i n c i p l e  
have a l s o  o b t a i n e d  t h e  e x a c t  b e h a v i o r  of A(;> i n  t h e  s u r f a c e  r e g i o n  
Z:t t o  two n o n - t r i v i a l  o r d e r s  s i n c e  t o  t h i s  a c c u r a c y . e q .  (V-33) can 
0 
e a s i l y  b e  s o l v e d  by u s i n g  F o u r i e r  c o s i n e  t r a n s f o r m s .  (To t h i s  
accuracy  Go' i n  ("-33) can s imply be  r e p l a c e d  by K'O) .) We d i d  n o t  
c a r r y  o u t  t h i s  c a l c u l a t i o n  on ly  because  i t  r e q u i r e s  t e d i o u s  numer ica l  
i n t e g r a t i o n s  which seems r o  b e  noc worthwhi le  judged from t h e  p r e s e n t  
experimental need.  
Conc1usi.011 1 1  c;i~ould be  s u b j e c t  r o  t h e  f o l l o w i n g  remark: Fro~n 
e q .  (V-38) we f i n d  i i la t  L O  accuracy h i g h e r  t h a n  4th o r d e r  i n  a ,  o r  6 t h  
a r d e s  i n  R t h e  e f f e c t i v e  B e  C ,  can no longer  b e  obcained w i t h o u t  
c3 ' 
r e a l l y  s o l v i n g  a  genuine i n t e g r a l  e q u a t i o n ,  
Even rhokgh we h a v e  o b ~ a a n e d  cwo o r d e r s  of eorrectrnn eerms f o r  
Hc3/Hc2 and f o r  Hcg a l o n e ,  we b e l i e v e  t h a t  r h e  r e g i o n  of v a l i d i t y  of 
t h e s e  r e s u l r s  can n o t  be  s i g n i f i c a n t l y  b e t r e r  t h a n  (1-t);0,02. a s ,  
f o r  example, I n  eq.  (V-66) r h e  Last  term b e g i n s  t o  dominate t h e  second 
- 2  
term a t  ( I - t ) % l 0  , s o  t h a t  t h e  n e g l e c t e d  o r d e r  i s  expected t o  become 
impor tan t  a f t e r  t i s  reduced by a n o t h e r  n t ~ 1 0 - ' .  
Conclusion V I  
I n  Ch. I V  we have found c h a t  f o r  T%O°K, t h e  r a t i o  H /Hc2 i s  @ 3 
roughly e q u a l  t o  ( o r  may be s l i g h r l y  h i g h e r  than)  1 . 9 3  w i t h  a  
v a n i s h i n g  i n i t i a l  s l o p e *  I n  r h e  p r e s e n t  c h a p t e r ,  however, we a l s o  
found t h a t  a s  T i s  decreased  s l i g h t l y  below t h e  L-G r e g i o n ,  t h e  
i n i t i a l  tendency of Hc3/Hc2 i s  t o  drop below 1 .7  - t h e  v a l u e  i n  t h e  
L-G r e g i o n .  Combinfng r h e  two p r e d i c t i o n s  we t h e r e f o r e  s e e  t h a t  i n  
t h e  whole t empera tu re  r e g i o n ,  Hc3/Hc2 can n o t  be d e s c r i b e d  by a  
monotonic f u n c t i o n .  We s h a l l  n o t ,  t h e r e f o r e ,  accempt t o  f i n d  any 
q u a n t i t a t i v e  i n t e r p o l a t i o n  formula  i n  t h e  whole t empera tu re  range  
b u t  w i l l  on ly  t r y  t o  guess  i t s  q u a l i t a t i v e  b e h a v i o r  i n  t h e  i n t e r -  
mediate remperacures ,  through a g r a p h l c  merhod. (See f i g .  
where we have a l s o  shown our  high- and low tempera tu re  r e s u l t s  a s  
w e l l  a s  a comparison w i t h  ~ i i d e r s '  p r e d i c t i o n s . )  
We now compare our  r e s u l r s  of t h i s  c h a p t e r  w i t h  some p r e s e n t l y  
e x i s t i n g  r h e o r i e s  : 
OH che m i c r o s c o p i c  d e r i v a t i o n  n f  t h e  L i n e a r i z e d  L-G e q u a t i o n  
and i t s  supglemencary B, C.  f o r  a sample w i t h  a  boundary: The o r i g i n a l  
10 
microscop3c  derivat~on o i  rhe I - G  e q u a t i o n  due  eo Gorkov i s  on ly  
v a l i d  tor: arr ~ r r f ~ l l s ~ e  d r n p l e ,  The 'ksrandard I?, C " was obrarned and 
1 / 1  j u s r r f l e d  by Gxnzburg and Landaui- dnd by deGennes 2 ' 2 4  only through 
h e u r i s t i c  arguments !v) ~ b r i k o s o v ~ ,  u s i n g  h i s  somewhat I n c o r r e c t  k e r n e l  
f o r  t h e  LGE, had a l s o  a r r i v e d  a t  our  eq .  (V-lo),  from which h e  pro- 
posed a  d i f f e r e n t  p rocedure  from o u r s  i n  o b t a i n i n g  t h e  l i n e a r i z e d  L-G 
e q u a t i o n  and t h e  s t a n d a r d  B.C., which,  however, i s  r a t h e r  m i s l e a d i n g  
a t  lower t empera tu res  s l n c e  h l s  p rocedure  d i d  n o t  p o i n t  o u t  t h e  
n e c e s s i t y  of a  s e l f - c o n s i s t e n c y  check on r h e  "ESV" assumprion made 
, 2 5 , 2 5  
a t  a  v e r y  e a r l y  s t a g e  of h i s  d e r i v a t i o n ,  S c h z l e r  and ~ G d e r s  
a n a l y s i s  i s  perhaps  t h e  f i r s t  r i g o r o u s ,  mic roscop ic  t r e a t m e n t  of 
t h i s  problem a p p r o p r i a t e  f o r  a  sample w i t h  a  boundary,  which i s  
s e l f - c o n s i s t e n t .  S i n c e  h i s  method can a l s o  b e  g e n e r a l i z e d  t o  lower 
t empera tu res  we s h a l l  d i s c u s s  i t  i n  t h e  n e x t  pa ragraph .  
On r h e  g e n e r a l l z a t i o n  of t h e  l r n e a r i z e d  L-G e q u a t i o n  and 
o b r a i n i n g  an e f f e c t i v e  B, C.  f o r  cemperarures  s l i g h t l y  below t h e  
L-G r e g i o n :  A d i f f e r e n r i a l  e q u a t f o n  g e n e r a l i z i n g  t h e  L-G e q u a t i o n  
beyond t h e  L-G r e g i o n  t o  d e s c r r b e  r h e  s p a t i a l  dependence of t h e  p a i r  
wave f u n c t i o n  i s  p o s s i b l e  on ly  i f  t h e  e x a c t  behav ior  of t h e  p a i r  wave 
f u n c t i o n  w i t h i n  a  d i s c a n c e  -L < from r h e  boundary i s  i g n o r e d ,  The 
0 
B .  C ,  f o r  such a  d i f f e r e n t i a l  e q u a t i o n  can t h e r e f o r e  be  a t  most 
e f f e c t i v e ,  T h i s  p i c t u r e  h a s  been un-ambiguously found i n  b o t h  
Scho le r  and ~ b d e r s '  ( a s  c i c e d  above) and our  t h e o r i e s ,  b u t  n o t  i n  
~ e w o r d r ' s ~ ~  t h e o r y .  The reason is char  Tewordt ' s  t h e o r y  i s  n o t  
a p p r a p r l a e e  f o r  a sample warh a boundary,  and he h a s  ignored  t h e  
p o s s l b i l i r y  of a s u r f a c e  t o n & r l b u c r o n  t o  she  t o t a l  f r e e  energy of t h e  
sample,  Obraiaed from d p p l y l n g  var;ldr r o n a l  p r i i r c l p l e  io his f r e e  
energy f o r m ,  his g e n e r s l  ~ z a r ~ o n  L O  t h e  I,-C, equ;i.clon can be  consri lered 
a s  c o r r e c t  ( e x c e p t  f o r  t h e  remark made en r h e  begsnning of t h i s  para- 
g r a p h ) ,  b u t  h i s  B ,  C, i s  necessarily wrong. ~ c h a l e r  and ~ i i d e r s '  
t h e o r y  a g r e e s  w i t h  o u r s  i n  many r e s p e c r s :  (1 )  t h e  p i c t u r e s  abour 
t h e  p a i r  wave f u n c r r o n  conveyed through o u r  conc lus ions  I and I1 
and p a r t i a l l y  s t a t e d  I n  t h e  beg inn in?  of t h i s  pa ragraph  (excep t  
c h a t  S c h s l e r  and Liiders s lmply used A(;) r o  d e n o t e  what w e  c a l l e d  
B + A ( r ) ,  and t h e i r  v a r i a t i o n a l  approach d i d  n o t  make i r  c l e a r  when t h e  
-r 
e x a c t  p a i r  wave f u n c r i o n  h ( r )  h a s  been r e p l a c e d  by i t s  major  component 
h B ( ; ) )  , ( 2 )  t h e  g e n e r a l i z e d  L-G e q u a t l o n  f o r  nB , and ( 3 )  i r s  e f f e c t i v e  
B .  C .  t o  t h e  lowesr  n o n - t r i v i a l  o r d e r ,  and perhaps  a l s o  t o  t h e  n e x t  
two h i g h e r  o r d e r s ,  b u t  most probably  n o r  f u r r h e r ,  f o r  r e a s o n s  w e  
s h a l l  soon e x p l a i n .  The major  d i f f e r e n c e s  between t h e  two t h e o r i e s  
a r e :  (1) T h e i r  t h e o r y  i s  nor  complete ly  mic roscop ic .  E s p e c i a l l y ,  
t h e y  t r e a t e d  t h e  boundary s u r f a c e  c l a s s i c a l l y ,  i n s t e a d  of quantum 
mechanical-ly a s  we d i d  I n  our  t h e o r y .  ( 2 )  T h e i r  t h e o r y  can n o t  l e a d  
t o  our  c o n c l u s i o n  I V ,  and r h e  second h a l f  of our  conc lus ion  111 con- 
c e r n i n g  t h e  "RV" component o f  t h e  p a l r  wave f u n c t i o n ,  E x p e c i a l l y ,  
t h e i r  t h e o r y  seems t o  have con ta ined  a  m i s l e a d i n g  concept t h a r  r o  
any f i n i t e  o r d e r  i n  1 -  an e f f e c t i v e  B .  C. can always b e  ob- 
t a i n e d  wirhour  s o l v i n g  a  genu ine  i n t e g r a l  e q u a t i o n  (one which does  
noc c o n t a i n  a  s m a l l  expansion parameter  such a s  5 / <  and t h e r e f o r e  
o H' 
can nor  be r e p l a c e d  by an  f i n e t e  o r d e r  d i f f e r e n t i a l  e q u a t i o n ) .  What 
 hey will o b t a i n  f o r  r h e  e f f e c r e v e  B,C., we b e l s e v e ,  i s  most probably  
&I* B 9< 
n o t h i n g  b u ~  o u r  eq,  (V-38) wr th  a" r e p l a c e d  by , whlch 1s c o r r e c t  
8 3 
oniy rf t h e y  l i m i t  r h e i r  s n z e r e s t  r o  che lowest  t h r e e  non-trivial 
orders, beyond t h e  r e su l t s  f o r  the L-G r e g l o n ,  The reason  rs  hat 
t h e i r  approach invo ived  an expansbon w . r . c ,  r h e  o p e r a t o r  
* -f -9- 
v 7 
* Br (where I v /  = VF, w = (2n+l) nT ,  s o  t h a t  - 2 l w l  
when i t  i s  y e t  a c t e d  on t h e  complete p a i r  wave f u n c t i o n  
B . S.L, B A r A  + A  , i n s t e a d  of b e i n g  merely  on r h e  "ESV" component A . 
T h e i r  approach,  w i t h  r r u n c a r i o n  of t h e  expansion a s  a  n e c e s s a r y  s t e p ,  
S .L. 
can n o t  t r e a t  t h e  A component p r o p e r l y ,  and t h e r e f o r e  cannot  g i v e  
S  .L. 
t h e  c o r r e c t  e f f e c t i v e  B . C , ,  whenever t h e  e x a c t  b e h a v i o r  of t h e  A 
component becomes impor ran t  i n  o b t a i n i n g  such  a B .  C . ,  which occurs  
a t  n  = 3  i n  eq.  (V-43). Th i s  i n d i c a t e s  why t h e i r  approach cannot  g i v e  
c o r r e c t  r e s u l t s  beyond t h e  lowesr  t h r e e  n o n - t r i v i a l  o r d e r s  i n  t h e  
c o r r e c t i o n  t e rms  t o  H and Hc3/Hc2 below t h e  L-G t e m p e r a t u r e ' k e g i o n .  
c3  
On t h e  r e s u l t s  of Hc3 c a l c u l a t i o n  i n  r h e  L-G r e g i o n .  Both 
Sch6 le r  and Liiders ' 2 5 '  26 and our  t h e o r y  on H i n  t h e  L-G r e g i o n  
c  3  
reduces  t o  Saint-James and deGennesl p r e d i c t i o n .  Both t h e o r i e s  have 
been a b l e  r o  make i t  c l e a r  t h a t  f o r  pure  samples w i t h  s p e c u l a r l y  
r e f l e c t i v e  boundary s u r f a c e ,  t h e  L-G r e g i o n  f o r  s u r f a c e  n u c l e a t i o n  
shou ld  b e  d e f i n e d  ~ h r o u g h  t h e  c o n d i t i o n  ( I - t ) c < l  s o  f a r  a s  H is 
c3  
concerned.  But one p o i n r  n o t  c l e a r  i n  Sch5 le r  and LGdersl t h e o r y  
i s  t h a t  r h e  l i n e a r i z e d  L-G e q u a t i o n  r e a l l y  cannot  d e s c r i b e  t h e  c o r r e c t  
behav ior  of t h e  p a i r  wave f u n c ~ i o n  w i t h l n  a  d i s t a n c e  of r h e  o r d e r  of 
Fermi wave l e n g t h  from t h e  boundary s u r f a c e ,  and t h e  " s randard  B . C . "  
d e s c r i b e s  a c t u a l l y  the  e x t r a p o l a t e d  behav ior  of t h e  p a i r  wave f u n c t i o n  
- 1 from t h e  r e g i o n  P : 2 ; to .  The L-G e q u a t i o n ,  however,  w i l l  g i v e  F 
-1 
c o r r e c t  d e s c r i p t i o n  of  t h e  p a i r  wave f u n e t l o n  i n  r h e  r e g i o n  Z : P F 
corr r rary  LL) &he non-L-6 r e g l o n  and rron-linear I--G equar-ion cases, 
t o r  which rhe iimr~ac~on must be Z - 5, ' - 
On r h e  r e s u l r s  of K c a l c u l a t i o n  i n  t h e  n e a r  L-G r e g i o n :  The 
c 3 
f i r s t  such  a t t empt  was made by T e w o r d ~ ,  b u t  a s  mentioned b e f o r e ,  h i s  
r e s u l t s  must b e  abandoned. L ~ d e r s ~ ~  t h e n ,  u s i n g  t h e  theory :)Y ~ c h ' 6 l e r  
and ~ G d e r s  ( a s  c i t e d  b e f o r e )  on r h e  g e n e r a l i z a t i o n  of t h e  L-G e q u a ~ i o n  
and t h e  B . C .  t o  lower  rempera tu res ,  h a s  r e c a l c u l a t e d  t h e  r a t i o  H 
c3iHc2 
i n  t h e  n e a r  L-G r e g i o n ,  For s p e c u l a r l y  r e f l e c t i v e  boundary c a s e ,  h i s  
r e s u l r  t o  lowes t  n o n - t r i v i a l  o r d e r  I n  ( l - ~ ) " ~ ,  a g r e e s  w i r h  o u r s .  We, 
however, have computed H c3/Hc2 and Hc3 a l o n e  t o  one more o r d e r  
accuracy  (we b e l i e v e  t h a t  most probably  ~ G d e r s  can a l s o  o b t a i n  t h i s  
r e s u l t  by ex tend ing  h i s  c a l c u l a t i o n  t o  t h e  n e x t  o r d e r ,  and w i l l  a g r e e  
w i t h  u s ) ,  which i s  found t o  dominate t h e  ~ G d e r s '  c o r r e c t i o n  t e rm f o r  
T  - T : T ~ ,  i n d i c a t i n g  t h a t  b o t h  ~ S d e r s '  r e s u l t ,  and our  e x t e n s i o n  
C 
t o  i t ,  do nor  have a v e r y  good r e g i o n  of v a l i d i r y  (pe rhaps  good only  
f o r  1-t : 2 n Bur we a l s o  found c h a t  ~ C d e r s  ' 4th o r d e r  c o r r e c t i o n  
term t o  H 
~ 3 / ~ c 2  h a s  such a small. c o e f f i c i e n t  mainly  because  i t  i n v o l v e s  
an  a lmost  c a n c e l l a t i o n  of t h r e e  c o n t r i b u t i o n s  - two from t h e  e f f e c t s  on 
Hc3 and H r e s p e c t i v e l y ,  due r o  t h e  4ch o r d e r  c o r r e c t i o n  term t o  t h e  
c  2 
l i n e a r i z e d  L-G e q u a t i o n ,  and one from t h e  c o r r e c t i o n  t o  t h e  s t a n d a r d  
B . C ,  which changes H a l o n e ,  nor  H 
c2 ' A l l  of r h e s e  t h r e e  terms a r e  c3  
p r o p o r t i o n a l  t o  ( 1 - t ) ,  wi rh  c o e f f i c i e n t s  roughly e q u a l  r o  3 . l ,  -1.6, 
-1 .6 ,  whose n e t  r e s u l r  i s  roughly - 0 , l  a s  i s  shown i n  e q .  (V-66). T h i s  
i n d b c a t e s  t h a t  perhaps  che s m a l l n e s s  of t h e  ~ < i d e r  term i s  i n  a s e n s e  ac- 
cidental, and aur e x t e n s i o n  r o  i r  mrghr have a  b e t t e r  range of v a l l d i t y  
~ h a n  h r s  r e s u l e ,  (To say,  jl-r) 0.05; but nos s i g n i f ~ c a n t l y  b e t t e r ,  we 
b e l e i v e ,  r n  vlew of our  conclusion V1,)  
GENERAL CRITERIA FOR THE PHYSICALLY 
NOST FAVORABLE MODES OF NUCLEATION 
I n  chis c h a p r e r ,  we d l s c u s s  two g e n e r a l  c r i t e r i a  t h a t  
c h a r a c t e r i z e  che p h y s i c a l l y  most f a v o r e d  modes of s u r f a c e  n u c l e a t i o n .  
I n  p r i n c i p l e ,  t h e r e f o r e ,  t h e y  can be  used t o  reduce  t h e  number of 
v a r i a t i o n a l  pa ramerers  I n  a v a r i a t i o n a l  c a l c u l a t i o n .  I n  p r a c t i c e ,  
however, i t  r u r n s  o u t  n o t  t o  b e  q u i t e  t h e  c a s e  a s  i s  d i s c u s s e d  a t  
t h e  end of t h i s  c h a p t e r .  
We s h a l l  c a l l  t h e  two c r i r e r i a  "The v a n i s h i n g  o v e r a l l  s u r f a c e  
c u r r e n t  c r i t e r i o n "  o r  simply " c r i t e r i o n  A", and "The p a i r  d e n s i t y  peak 
( v i i )  p o s i t i o n  c r i t e r i o n "  o r  s imply " c r i t e r i o n  B". 
We f i r s t  s t a t e  t h e  two c r i t e r i a :  
C r i t e r i o n  A:  The optimum o r  p h y s i c a l l y  most f a v o r a b l e  s t a t e  
of s u r f a c e  n u c l e a t i o n  ts always such  t h a t  t h e  o v e r - a l l  s u r f a c e  super -  
c u r r e n t  v a n i s h e s .  
C r i t e r i o n  B :  The optimum o r  p h y s i c a l l y  most f a v o r a b l e  mode of 
s u r f a c e  n u c l e a t i o n  can be found by r e q u i r i n g  t h a t  che peak p o s i t i o n  
of t h e  p a i r  d e n s i t y  i s  j u s t  abour t o  d e p a r t  from t h e  boundary s u r f a c e .  
We f i r s t  prove r h e s e  rwo c r i ~ e r i a  i n  t h e  L-G r e g i o n  from f i r s t  
p r i n c i p l e s .  I t  a l s o  s e r v e s  a s  an i i l u s r r a t i o n  of r h e  meaning of 
t h e s e  two c r i r e r i a .  
Proof of C r i ~ e r i o n  A i n  rhe  L-G Region: The sample geometry,  
f i e l d  arrangemenr ,  and c o o r d i n a ~ e  system a r e  a i l  assumed t o  be  t h e  
same as before. Ssnce we are in the L-G region, rhe super -cur ren t  
d e n s i c y  1s d e s e ~ i b e d  by t h e  second phenomenologi~aL L-G equation: 
+ 3 
where $ ( r )  d i f f e r s  from t h e  p a i r  wave f u n c t f o n  o r d e r  pa ramete r  B(r)  
on ly  by a  m u l t i p l i c a t i v e  c o n s t a n t .  13 
The c r i t e r i o n  A i n  our  p r e s e n t  c a s e  r e q u i r e s  
where S is  any c r o s s  s e c t i o n  of t h e  sample p e r p e n d i c u l a r  t o  t h e  
s u r f a c e .  Th is  i s  e q u i v a l e n t  t o  t h e  fo l lowing  s t a t e m e n t :  
We c l e a r l y  can n o t  have a  n e t  c u r r e n t  f lowing  p e r p e n d i c u l a r  t o  
t h e  boundary s u r f a c e .  For s t u d y i n g  p h y s i c a l l y  most f avored  mode of 
i Ir 
n u c l e a t i o n ,  we can a l s o  r e q u i r e  B( r )  o r  ~ ( r )  t o  have no  y-dependence 
( y  is  t h e  direction of  t h e  magne t ic  f i e l d ! )  s o  t h a t  j 5 0. Thus a11 
Y 
we have t o  prove i s :  
i I dydz x jx(z) = 0, 
J 
Z >  0 
f o r  t h e  optimum s t a t e  of n u c l e a t i o n .  
I f  we choose a g a i n  t o  work i n  gauge B ,  e q s .  (VI-4) s imply 
becomes : 
0 
remeinbertng t h a t  i n  r h r s  pauge $ i s  real, and can be considered as a  
8 7 
f u n c t ~ o a  of z only, 
Lt i s  in t h b s  ~ O T M  (i. e, eq, VL-5)  cha t  cr~terion A was f i r s t  
I p o i n t e d  o u t  by Saint-James and de  Gennes t o  be  v a l i d  i n  t h e  L-G 
r e g i o n ,  
The proof of (VI-5) from f i r s t  p r i n c i p l e s  is  s imple :  f i r s t  we 
w r i t e  t h e  f i r s t  L-G e q u a t i o n  ( l i n e a r i z e d )  i n  t h e  f o l l o w i n g  s h o r t h a n d  
form ( s e e  eq. 11-3) : 
I t  2 
H+ G + ( z )  -+ c(z-zo) + ( z )  = E + ( z ) .  
D i f f e r e n t i a t e  b o t h  s i d e s  w . r . t .  zo  $8 g e t :  
d  
where u s e  h a s  been made of - E = 0 ,  f o r  t h e  optimum mode. M u l t i p l y  
dzo 
b o t h  s i d e s  by +, and t h e n  i n t e g r a t e  over  z ,  we g e t :  
where H e r m i t i c i t y  o f  t h e  o p e r a t o r  H has  been u s e d ,  which can be  e a s i l y  
d'l 
= o i n  o u r  p r e s e n t  gauge.  proved u s i n g  t h e  s t a n d a r d  B . C . ,  - d  z  / 0 
C r i t e r i o n  A is  c h e r e f o r e  e s t a b l i s h e d  i n  t h e  L-G r e g i o n .  
We now s h i f t  our  a t t e n t i o n  t o  c r i t e r i o n  B :  
Proof of C r i t e r i o n  B i n  t h e  L-G r e g i o n :  We f i r s t  r e p h r a s e  t h e  
c r i t e r i o n  i n t o  t h e  fo l lowing  mathernacical s t a t e m e n t :  
where $ cor responds  t o  t h e  optimum n u c l e a t i o n  mode. I n  gauge B ,  I) i s  
r e a l ,  t h u s  eq, ( V I - 8 )  becomes s imply 
To understand why eq, ( V L - 9 )  rs e q l ~ i v a l e n c  to che o r i g i n a l  
staremen% once we are kn  gaage B, i e r  us consider ~ h k  f a m i l y  of 
s o l u t i o n s  c h a r a c t e r i z e d  by t h e  eoncinuous parameter  z . A l l  s o l u t i o n s  
0 
d'/ = 0. I f  musc s a t i s f y  t h e  s t a n d a r d  B , C .  - d  z  
10 d  z 
a t  z = o ,  t h i s  mode has  a Local maximum, o r  peak ,  a t  z = 0 .  I f  
2 
a n o t h e r  mode h a s  > 00, t h e  p o i n t  z  = o  becomes a  l o c a l  minimum. 
dz" 
C l e a r l y  t h e  p a r t i c u l a r  v a l u e  z  of z  which i s  determined by eq.  OM 0 ' 
(VI-9), s e p a r a t e s  t h e s e  two c l a s s e s  of n u c l e a t i o n  s t a t e s .  So i f  
z i s  c o n t i n u o u s l y  i n c r e a s e d  a c r o s s  z  ( t h e  d i r e c t i o n  of change i s  
0 OM 
h i n t e d  by t h e  f a c t  t h a t  zo = corresponds t o  t h e  b u l k  n u c l e a t i o n  
mode, whfch n e c e s s a r i l y  peaks deep i n s i d e  t h e  sample ) ,  t h e  l o c a l  peak 
b e g i n s  t o  d e p a r t  from t h e  s u r f a c e  when z i s  e x a c t l y  e q u a l  t o  z 
0 OM' 
S i n c e  t h e  optimum n u c l e a t i o n  mode cor responds  t o  t h e  ground s t a t e  
s o l u t i o n  of e q .  (VI-6), c h i s  l o c a l  peak i s  a l s o  t h e  o n l y  peak of 
t h e  whole p a i r  wave f u n c t i o n *  
The proof of eq .  (VI-9) from f i r s t  p r i n c i p l e s  is  a l s o  very 
s imple  i n  t h e  L-G r e g i o n :  
We f i r s t  p o i n t  o u ~  t h e  f o l l o w i n g  s imple  i d e n t i t y :  
co 
Using eq.  (VI-6), we converc c h i s  i d e n t i t y  t o :  
We now d i f f e r e n t i a t e  (VI-6) w , r . t .  z :  
M u l t i p l y  both s i d e s  o f  ( V I - 1 % )  by 9, I n t e g r a t e  over  z from 0 t o  
and app ly  e q u a t i o n  (VI-1 I )  and t h e  eul r e r lon  A in rhe form of eq. 
C V L - I )  t o  get: 
02 
P a r t i a l  i n t e g r a r e  once and use  eq.  (VI-10) t o  g e t  q+"i = 0 ,  o r  
0 
s imply eq .  (VI-9), s i n c e  we musc assume q(o) 0 .  ( ~ ( o )  = 0  p l u s  
t h e  B , C .  q l ( o )  = 0 l e a d  us t o  t h e  t r i v i a l  s o l u t i o n  Q 5 0 ,  which we 
a r e  n o t  i n t e r e s t e d  i n . )  We t h u s  have j u s t i f i e d  c r i t e r i o n  B i n  t h e  
L-G r e g i o n .  We n o t i c e  t h a t  t h e  proof  above h a s  used c r i t e r i o n  A ,  s o  
i t  i s  v a l i d  o n l y  f o r  t h e  optimum s t a t e ,  We a l s o  n o t i c e  t h a t  t h i s  
proof  h a s  used t h e  s r a n d a r d  B .  C.  (91 = 0  i n  gauge B) ,  w h i l e  i n  dz  l o 
t h e  proof f o r  c r i t e r i o n  A, a more g e n e r a l  t y p e  of B . C . ,  = a $ ( o ) ,  dz  0 
w i l l  b e  s u f f i c i e n t  t o  s e r v e  t h e  purpose  ( t o  j u s t i f y  t h e  h e r m i t i c i t y  of 
H) ,  s o  long a s  a ( r e a l )  does n o t  depend on zo .  I n  f a c t ,  t h e  c r i t e r i o n  
B s imply no l o n g e r  makesany s e n s e  i f  q  does n o t  s a t i s f y  t h e  s t a n d a r d  
B . C . .  
We now examine whether  t h e s e  c r i t e r i a  can b e  extended t o  lower 
t empera tu res .   firs^ we s h a l l  show t h a t  c r i t e r i o n  A i s  i n  f a c t  t r u e  
f o r  a l l  r empera tu res  below T and a l s o  f o r  a l l  i m p u r i t y  c o n c e n t r a t i o n s ,  
c  
i f  t h e  magnet ic  f i e l d  i s  e q u a l  eo t h e  s u r f a c e  n u c l e a t i o n  c r i t i c a l  f i e l d .  
Abr ikosov3  h a s  sugges ted  f h a r  c r i r e r i o n  A i s  a c t u a l l y  t r u e  even a t  lower 
f i e l d s  s a r i s f y i n g  H c H H i s  l i n e  of r e a s o n i n g  goes  a s  f o l l o w s :  
c2 - - Hc3 
The condensa t ion  energy f o r  s u r f a c e  s u p e r c o n d u c t i v i t y  is on ly  a  s u r f a c e  
term ( i c e ,  p r o p o r t i o n a l  t o  t h e  s u r f a c e  a r e a ,  b u t  independenr  of t h e  
t o t a l  volume).  I f  a s u r f a c e  n u c l e a t i o n  mode does n o t  have a v a n i s h i n g  
o v e r a l l  s u r f a c e  s u p e r c u r r e n t  the field s r r e n g t h  i n s i d e  t h e  sample Is 
n e c e s s a r i l y  d i f f e r e n t  from rhe e x t e r n a l  f i e l d  srrengch, The t o t a l  free 
energy o f  the sysrem 1 s  c h e r e f a r e  r a r s e d  by a rnagneilc terru w l r l ~ h  1s 
proportional b o   he ~ o l r a l  volume. Tor d b a l k  s d m p l ~ ,  no cirriiperzsation 
of t h e s e  two f r e e  t l l i e ~ g y  terms c o u l d  happen, czs lrhey k e l o r ~ g  ~o dlf- 
f e r e n r  o r d e r s ,  Such a  s u r f a c e  s t a t e  must t h e r e f o r e  have a  t o t a l  f r e e  
energy h i g h e r  t h a n  t h e  normal s t a r e ,  and can n o t  e x i s t  p h y s i c a l l y .  
T h i s  argument can be  cons idered  a s  r i g o r o u s .  However, f i n d i n g  
a  mic roscop ic  proof t o  supporE i r  i s  always b e t t e r  t h a n  n o t .  (For  
example, i t  can  s e r v e  a s  a  check of Gor 'kov ' s  mic roscop ic  t h e o r y  of 
s u p e r c o n d u c t i v i t y . )  
U n f o r t u n a t e l y ,  our  proof is  o n l y  l i m i t e d  t o  t h e  c a s e  when H = Hc3 ' 
A l l  a t t e m p t s  t o  ex tend  t h i s  proof t o  lower f i e l d s  have f a i l e d .  We now 
p r e s e n t  o u r  m i c r o s c o p i c  proof of c r i r e r i o n  A a s  f o l l o w s :  
Proof of c r i t e r i o n  A f o r  a l l  T  - Tc, and f o r  a l l  impur i ty  con- 
( v i i i )  
c e n t r a t i o n s ,  a t  H = H 
c3: Without averag ing  over  i m p u r i t y  con- 
f i g u r a t i o n ,  t h e  l i n e a r i z e d  gap e q u a t i o n  i s  a s  f o l l o w s  (Nota t ions  a s  
i n  Ch. 11): 
where t h e  normal e l e c t r o n  the rmal  Green ' s  f u n c t i o n  G'O) s a t i s f i e s  : 
W 
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an e l e c t r o n  a t  r and a l l  impur i ty  atoms a t  Cra? . 
With sample geometry ,  f i e l d  d i r e c t i o n ,  and c o o r d i n a t e  sys tem a s  
--f -f 
b e f o r e ,  w e  a g a i n  employ gauge B where A ( r )  = (H(z - -zo )$  0 ,  0 ) .  The p a i r  
wave func~ion A(:) i s  again Lrmrced co b e  a f u n c t i o n  of z o n l y ,  
9 1 
In equa t i on  ( V T - 1 4 ) ,  we can either fix T, and c o n s i d e r  H a s  
t h e  eigenvalue; o r  f ~ x  H, and Lcc T be t.he eigenvalue, I n  any case, 
t h e  optimum s t a t e  1s c h a r a c t e r i z e d  by a  s t a t i o n a r y  e i g e n v a l u e ,  when 
z i s  v a r i e d .  Thus when we v a r y  z b o t h  T  and H can b e  cons idered  
0 0 ' 
a s  c o n s t a n t s .  W r i t e  eq.  (VI-14) i n  t h e  form: 
and v a r y  z $a o b t a i n ,  s y m b o l i c a l l y :  
0 ' 
r ;? - ( 0 ) ~ ( 0 ) *  + 
/'(sn*)n + 1 a (an)  = \ A  I T  1 [ J  1 ( S A " ) G ~  
-W 
1 j A*G;~)G(O) ( sn)  
J J -W W J  
Varying (VI-14) and t h e n  t a k i n g  s c a l a r  p roduc t  w i t h  A ,  we g e t :  
Taking complex c o n j u g a t e  of i t ,  we a l s o  g e t :  
Combining (VI-17), (vI-18) ,  and (VI-19), we t h e n  g e t ;  
/ L I T  L /\A*(;)blG!O'(;,;')G(o'(;,~l)]n(;')d; -W d;' = 0 .  071-20) 
f l J  
-f 
Now v a r y i n g  (VI-15), and u s i n g  t h e  f a c t  t h a t  i n  gauge B ,  SA = 
- Hx, we o b t a i n :  
-f 
1 % -f -? -? ieH 1 + + i i w  + - v l 2  - V(r)  + g ) S G W ( r , r l )  - -2m r m G r r  x u  = 0 ,  (VI-21) 
o r  e q u i v a l e n t l y  : 
+ -ir 
Taking complex conjugace of t h i s  e q u a t i o n ,  and ineerchange  r and r v 9  
we get: 
where t h e  symmetry p r o p e r t y  (11-17) h a s  been used.  
S u b s t i t u t i n g  (VI-22), (VI-23) i n t o  eq.  (VI-20), and changing 
w t o  (-w) i n  p a r t  of t h e  e x p r e s s i o n ,  we o b t a i n  t h e  fo l lowing  f i n a l  
e x p r e s s i o n :  
where 
sG = - j G ( ~ )  (;,~)~(~)G~")(~,~l)Ak(m)~(0) ( m , l ) d i  dz. (VI-25) 
W W -u) 
Now t h e  c u r r e n t  d e n s i t y  i s  g iven  by:  
where G ( x , x l )  s a t i s f i e s  eq.  (11-18). 
Applying s t a n d a r d  expansion t e c h n i q u e  t o  eq. (11-18), w i t h  t h e  
u s e  of t h e  normal s t a t e  Green ' s  f u n c t i o n  G(O)  , i t  can be  shown t h a t  
-f -t 
t o  lowes t  o r d e r  i n  superconduc t ing  p a i r  s t r e n g t h ,  G W ( r , r l )  = 
G(o)(:,;') + b G  (;,:I), where 6 G w  i s  e x a c t l y  what i s  g iven  i n  eq.  
W W 
(VI-25) ( f o r  d e t a i l e d  p r o o f ,  s e e  f o r  example r e f .  1 3  Ch. 7 ) .  
S i n c e  t h e  c u r r e n t  i n  a normal m e t a l  i s  always z e r o  i n  a  c o n s t a n t  
magnet ic  f i e l d ,  eq.  (VI-26) i s  s imply :  
t o  our o r d e r s  of  i n t e r e s t .  Comparing (VI-27) w i t h  (v I -27) ,  we t h e r e -  
+ 
f o r e  g e t :  d r  J ( r )  = 0, A s  f o r  our  sample geometry t h e  c u r r e n t  i s  if x 
n e c e s s a r i l y  independent  of x, i c  becomes 
o r ,  the o v e r a l l  x - d i r e e e i o n a l  surface current v a r r ~ s h e s ,  
A s  i s  i n  t h e  L-G r e g r o n ,  we a g a i n  need n o t  worry about y ,z-  
d i r e c t i o n a l  c u r r e n t s .  We t h u s  have proved c r i t e r i o n  A f o r  lower 
t empera tu res ,  f o r  a 1 1  i m p u r i t y  c o n c e n t r a t i o n s ,  and a t  H = H 
c3  ' 
However, t h e  c r i t e r i o n  i s  now d e s c r i b e d  by eq.  (v I -28) ,  w i t h  :(;) 
g i v e n  by eqs .  (VI-27) and (VI-25), i t  i s  t h e r e f o r e  much more com- 
p l i c a t e d  t h a n  t h e  cor responding  e q u a t i o n  (VI-3) o r  (VI-5) f o r  t h e  
L-G r e g i o n .  
We now c u r n  our  a t t e n r i o n  t o  c r i t e r i o n  B .  Should i t  a l s o  b e  
p o s s i b l e  t o  e x t e n d  c r i t e r i o n  B i n t o  lower t e m p e r a t u r e s ,  i t s  
mathemat ical  form must s t i l l  b e  g iven  by e q u a t i o n  (VI-8), i n d i c a t i n g  
t h a t  t h i s  c r i t e r i o n  i s  probably  more u s e f u l  rhan  c r i t e r i o n  A ,  i f  
e s t a b l i s h e d .  S i n c e  we have shown t h a t  t h e  p a i r  wave f u n c t i o n  o r d e r  
--f 
parameter  A ( r )  s a t i s f i e s  t h e  e x a c t  B . C .  a t  a l l  t e m p e r a t u r e s ,  t h e  
p o s s i b i l i t y  of such  an e x t e n t i o n  i s  t h e r e f o r e  n o t  z e r o .  U n f o r t u n a t e l y ,  
a l l  of our  attempizs i n  a c h i e v i n g  such  a  proof have f a i l e d .  Nor have 
we succeeded i n  d i s p r o v i n g  i t .  We a r e  f o r c e d ,  t h e r e f o r e ,  t o  l e a v e  
t h i s  e q u a t i o n  open, 
We now t u r n  r o  d i s c u s s  t h e  s i g n i f i c a n c e  of t h e s e  two c r i t e r i a .  
There  i s  no doubt t h a t  t h e s e  c r l t e r i a  h e l p  u s  t o  g e t  a  b e t t e r  under- 
s t a n d i n g  of t h e  optrmum n u c l e a t i o n  modes. But w e  a r e  more i n t e r e s t e d  
i n  t h e i r  practical u s e ,  f o r  example, a s  we have p o i n t e d  o u t  i n  t h e  
beg inn ing  of c h i s  chapeer ,  t h e y  could  h e l p  us  t o  reduce ~ h e  number of 
variational parameeers i n  a v a r i a t i o n a l  c a l c u l a t i o n ,  i n  p r i n c i p l e  a t  
l e a s t .  We s h a l l  noe b e  x n c e r e s t e d  rn t h e  L-G r e g i o n  where e x a c t  
solu~ions are possible. At Lowee temperatures, u n f o r t u n a t e l y ,  
c r r t e r i o n  A becomes L O O  comp~Lcared to uiake i ~ s  u s e  advancagsous. 
How good i s  r h e n  t o  approxlmaLe t h e  exact  c r i r e r i o n  by r h e  Loca l  
e x p r e s s i o n  (VI-5) ( i n  gauge B) ,  when t h e  t empera tu re  i s  n o t  i n  t h e  
L-G r e g i o n ?  Examining o u r  v a r i a t i o n a l  s o l u t i o n  a t  T = 0 ,  we f i n d  
such  an approximat ion i s  v e r y  bad i n d e e d ,  a s  eq. (VI-5) r e q u i r e s ,  f o r  
1 2  2  -1 L' 
.che t r i a l  wave f u n c t i o n  exp[- - ay 1 ,  t h a t  ace = ~i = 0 .32 ,  w h i l e  2  
our  v a r i a t i o n a l  r e s u l t  g i v e s  ac 2 0 .24 ,  a  roughly 25% d e v i a t i o n !  
0 
A s  f o r  c r i t e r i o n  B ,  s i n c e  i t  i s  noc y e t  j u s t i f i e d  a t  l o w  t e m p e r a t u r e s ,  
t h e r e  seems t o  be  no grounds f o r  u s i n g  i t .  B e s i d e s ,  we have a n o t h e r  
doubt i n  u s i n g  t h e s e  c r i t e r i a .  A s  even though t h e y  have been proved 
t o  b e  s a t i s f f e d  by t h e  e x a c t  s o l u t i o n ,  t h e r e  i s  s t i l l  no reason  t o  
b e l i e v e  t h a t  a  t r i a l  wave f u n c t i o n ,  which s a t i s f i e s  them, could  g i v e  
b e t t e r  e s t i m a t e  of t h e  e i g e n v a l u e s ,  e s p e c i a l l y  i f  t h e  c r i t e r i o n  
i t s e l f  i s  a  l o c a l  p r o p e r t y  of t h e  p a i r  wave f u n c t i o n  - such  a s  o u r  
c r i t e r i o n  B ,  s i n c e  i t  i s  more o r  l e s s  t h e  g l o b a l  b e h a v i o r  of t h e  
p a i r  wave f u n c t i o n  t h a t  de te rmines  t h e  e i g e n v a l u e s .  Our c o n c l u s i o n  
i s ,  t h e r e f o r e ,  c h a t  t h e  rwo c r i t e r i a  w i l l  n o t  l e a d  us  t o  a  r o y a l  
road i n  a v a r i a t i o n a l  c a l c u l a t i o n ,  
CONCLUSION AND DISCUSSION 
The s u r f a c e  n u c l e a t i o n  c r i t i c a l  f i e l d ,  H f o r  a  p u r e  semi- 
c3 ' 
i n f i n f t e  superconduc tor  wi rh  a  s p e c u l a r l y  r e f l e e r i v e  p l a n e  boundary,  
h a s  been s t u d i e d  i n  two l i m i r i n g  rempera tu re  r e g i o n s ,  namely, when 
t h e  t empera tu re  i s  v e r y  c l o s e  r o  a b s o l u t e  z e r o ,  and when i t  i s  on ly  
s l i g h t l y  below t h e  Landau-Ginzburg r e g i o n ,  
The b a s i s  of t h l s  c a l c u l a t i o n  was Gor 'kov 's  mic roscop ic  t h e o r y  
of s u p e r c o n d u c c i v l t y .  However, f i r s t  we had t o  develop a g e n e r a l i z e d  
image method t o  f i n d  t h e  normal. e l e c r r o n  t empera tu re  Green 's  f u n c t i o n  
i n  a  sample d e s c r i b e d  above, i n  o r d e r  t o  o b t a i n  t h e  a p p r o p r i a t e  
l i n e a r i z e d  gap e q u a t i o n  f o r  s t u d y i n g  such a  n u c l e a t i o n  problem. 
The r e s u l t i n g  e q u a t i o n  was a  l i n e a r  homogeneous i n t e g r a l  e q u a t i o n  
whose lowest  e i g e n v a l u e  was r e l a r e d  t o  H A t  a b s o l u t e  z e r o  t e m -  
c3 '  
p e r a r u r e ,  r h l s  e q u a r l o n  was s o l v e d  by a  v a r i a t i o n a l  method u s i n g  a  
s imple  Gaussian funccxon cenfe red  a r  t h e  s u r f a c e  a s  our  t r i a l  wave 
f u n c t i o n .  It was found c h a t  r n  t h i s  c a s e  t h e  r a t i o  of H 
c3IHc2 
shou ld  b e  roughly 14% ( o r  s l i g h r l y  more) h f g h e r  t h a n  t h e  cor responding  
well-known r e s u l r ,  namely 1 - 6 9 5  o r  roughly 1 . 7 ,  i n  t h e  Landau-Ginzburg 
r e g i o n ,  a s  was p r e d i c t e d  by Saint-James and de  ~ e n n e s  .' The r e s u l c  
was t h e n  extended t o  s l i g h t l y  above a b s o l u t e  z e r o  t empera tu re  by a 
p e r t u r b a r l o n  merhod, which gave a  v a n ~ s h i n g  I n i t i a l  s l o p e  t o  t h e  
r a t i o ,  I r  was r h e r e f o r e  s p e c u l a t e d  t h a t  t h i s  r a t i o  would s t a y  s i g n i -  
f i c a n t l y  above 1-7 f o r  q u i t e  a f r a c t b o n  of t h e  remperakure range 
between 0 and T . 
C 
In t h e  hkgh cernperature E a m i  r (ire, when T * T,) , w e  have 
t s l e d  ewo approaches  co a t r ack  ihe prob l em,  The firsr approach 
was c o n v e n t i o n a l ,  i n v o l v i n g  an assumpraon t h a r  che p a i r  wave 
f u n c t i o n  was s lowly  v a r y i n g  i n  t h e  whole sample,  s o  t h a t  some 
expansion p rocedure  could  b e  a p p l i e d  t o  t h e  e q u a t i o n ,  The ap- 
p roach ,  however, was shown t o  be  v a l i d  on ly  i n  t h e  Landau-Ginzburg 
r e g i o n  which l e a d  t o  a  gauge i n v a r i a n r ,  complete ly  mic roscop ic ,  
s fmul taneous  d e r i v a c i o n  of t h e  l i n e a r i z e d  Landau-Ginzburg e q u a t i o n  
and i t s  supplemenrary B , C .  f o r  a  sample w i t h  a  s p e c u l a r l y  r e f l e c t i v e  
boundary,  For t empera tu res  s l i g h t l y  below t h e  Landau-Ginzburg r e g i o n ,  
we modif ied our  f i r s t  approach i n t o  o u r  second approach s o  a s  t o  a l low 
t h e  p a i r  wave f u n c t i o n  t o  v a r y  r a p i d l y  a t  d i s t a n c e s  o f  t h e  o r d e r  of a  
BCS coherence l e n g t h  o r  l e s s  from t h e  s u r f a c e ,  The r e s u l t  con ta ined  
r d  112 two o r d e r s  ( t h e  2nd and t h e  3 ) i n  ( 1  - T T  , c o r r e c t i n g  t h e  
v a l u e  1 .7  f o r  t h e  r a t i o  H c3/Hc2 when t h e  t e m p e r a t u r e  i s  noc i n  t h e  
Landau-Ginzburg r e g i o n .  The f i r s t  c o r r e c r i o n  term agreed w i t h  Liiders I 22 
p r e d i c r i o n  which i s  o b t a i n e d  from a  q u i t e  d i f f e r e n t  approach,  The 
second c o r r e c t i o n  t e r m  was found t o  dominate t h e  f i r s r  f o r  t empera rures  
on ly  1% below Tc. We t h e r e f o r e  s p e c u l a t e d  t h a t  our  h i g h  t empera tu re  
r e s u l e s ,  a s  w e l l  a s  L t ' d e r s y f n  t h e  s p e c u l a r l y  r e f l e c t i v e  s u r f a c e  c a s e  
o n l y ) ,  can n o t  have a  v e r y  wide range of v a l i d i t y .  Both of o u r  r e s u l t s  
a r e  s t i l l  i n t e r e s t i n g  though,  s i n c e  t h e y  p r e d i c t e d  t h a t  f o r  samples 
w i t h  s p e c u l a r l y  r e f l e c t i v e  s u r f a c e ,  t h e  i n i t i a l  tendency of t h e  r a t i o  
Hc3/Hc2 i s  t o  drop below 1.7  a t  a  non-neg l ig ib le  r a c e .  Combining o u r  
h igh  and l o w  temperacure  p r e d i c t i o n s ,  we f i n d  t h a t  t h i s  r a t i o  does 
nor behave rnonaaonically i n  t he  whole temperacure  range below T 
c 
insread, a r  will possess a minirn~m a t  some remperature, say  T Tc, m 
9 1 
and t h e n  rt wxkb T I S ~  u p  ro  P a a ~  rhe value 1,7 aga ln  ar. some stiLI 
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approach a v a l u e  roughly e q u a l  r o  O L  s l l g h r l y  Larger  rhan 1,93 
h o r r z o n r a l l y ,  Unforcunare ly ,  due r o  machematrcal  difficulties, our  
r e s u l t s  can nor  be exrended t o  t h e  i n t e r m e d i a r e  remperacure range  
t o  g i v e  u s  a q u a n r f r a r l v e  e s r i m a ~ i o n  of t h e s e  rwo c h a r a c t e r i s t i c  
t e m p e r a t u r e s ,  namely T and T , We can on ly  s p e c u l a t e  t h a t  p robab ly  
m X 
t h e s e  two temperacures  will nor  l l e  v e r y  f a r  below T . 
c  
On t h e  o t h e r  hand, we expecr  t h a r  i t  shou ld  a l s o  be  r a c h e r  
d i f f i c u l r  f o r  our  p r e d i c t s o n s  t o  be checked experimentally, s f n c e  
t o  a c h i e v e  t h i s ,  s imuiraneous  measurements of b o t h  H and Hc2 must 
c3 
b e  done i n  a r e l a r l v e l y  p u r e  sample wl rh  n e g l i g i b l e  amounts of i m -  
p u r i r i e s  and d e f e c t s  ( a  technical d i f f i c u l t y ) ,  whose s u r f a c e  must 
y e t  be  s p e e u l a r l y  r e f l e c t i v e  I n  n a r u r e  (ancrher  t e c h n i c a l  c h a l l e n g e ) ,  
B e s l d e s ,  t h e r e  i s  a l s o  r h e  unavoidab le  f a c e  t h a t  almosc a l l  p u r e  
superconducrors  a r e  rype I 1 n  n a t u r e  (excepr  f o r  Vanadium, v ~ ~ ,  and 
Nlobium, Nb,29 whose p u r e  samples a r e  rype  11) whlch l m p l l e s  t h a t  
t h e  d e t e r m i n a t i o n  o t  H w ~ l l  i n  most e a s e s  i n v o l v e  supercoo l fng  
c 2 
s f r u a t i o n s ,  the reby  making t h e  d r s r i n e t r o n  between 1 . 7  and 1.9 f o r  
t h e  r a r i o  H c 3 / H c Z  an  even h a r d e r  t a s k ,  l e r  a l o n e  t h e  d e t e c ~ k o n  of 
t h e  m i l d  t empera tu re  dependence of chis r a t l o  p redzc ted  i n  our  
p r e s e n r  calculation. One way t o  ges  around r h i s  d ~ f f i e u l t y  i s  60 
measure Hn and t h e n  ro  u s e  t h e  t h e o r e t i c a l l y  p r e d i c t e d  r e l a t i o n s  
L 
berween H and H t o  r i c s n h s e  ehe v a l u e s  u f  B 
c.2' 30 Bur t h e n  t h e r e  c 2 C 
is the q u e s t l o n  of how good are t h e s e  r e l a c i o n s  themselves  I n  
d e s c r l b r n g  t h e  facts and  haw wide are  rhebr  ranges  of  val ladisy ,  
Besrdes, ~ h e s e  reldrrons rhemseLves wiLS rnvo iva  o t h e r  c h a r a , . c e r i s t i c  
parameters of the sample SLUdled, which wzll. a l s o  have ro be 
dercrrnined exper~menrally, thus lnrroduees more u n c e r c a l n r y  anro  
the  f i n a l  ~onclasrons. I n  iascs when s r rong  c o u p l i n g  supercon- 
d u c t o r s  (such a s  pure  l e a d )  a r e  used f o r  such  an exper iment ,  t h e  
above meneioned merhod w i l l  be  even l e s s  f a v o r a b l e  because  t h e  
p r e d i c t e d  r e l a r i o n s  between H and Hc2 could  be  t o r a l l y  inadequa te  
C 
f o r  such a  c a s e ,  w h i l e  our  p r e d i c t i o n s  about r h e  r a t i o  H c,/Hc2 might 
s t i l l  g i v e  a  good q u a l i t a t i v e  o r  even semi-quans iea t ive  d e s c r i p t i o n  
of such a  syscem, T h i s  po inc  of view i s  r e a s o n a b l e  i n  view of t h e  
f a c t  t h a t  i n  t h e  Landau-Ginzburg r e g i o n ,  t h e  r a t i o  H c j /Hc2  does n o t  
depend on rhe  c h a r a c t e r i s r i c  paramerers  of r h e  and whether  
t h e  sysrem is  weak- o r  s t r o n g  coupl ing  i n  n a t u r e , 6  9 7  w h i l e  r h e  r a t i o  
H /H c l e a r l y  does .  
c2 c  
19' 12' 31 From rhe  above c o n s i d e r a t i o n s ,  w e  
expec t  t h a t  t h e  b e s t  cho ice  of a  superconduc tor  f o r  performing such  
an  experfmenr i n  o r d e r  t o  check our p r e d i c t i o n s  f s  vanadium, w i t h  
niobium b e i n g  t h e  second,  (Vanadium i s  a  weak coupl ing  superconduc tor ,  2 8 
w h i l e  niobium i s  h a l f  way berween weak- and s t r o n g  coupl ing .29)  The 
remaining d i f f i c u l c i e s  f o r  t h e s e  m e t a l s  a r e  chen on ly  on how t o  make 
rhem i n t o  h i g h l y  pure  and d e f e c t l e s s  samples a s  i s  c h a r a c r e r i z e d  by 
a  l a r g e  low-to-high-remperature r e s i s t z v l t y  r a t i o ,  and on how t o  
make t h e i r  s u r f a c e s  t o  be s p e c u l a r l y  r e f l e c t i v e  i n  nacure .  But 
t h e s e  a r e  nor  complerely  i m p o s s i b l e  t o  overcome, we r h e r e f o r e  s t i l l  
s e e  some chance f o r  our  p r e d i c t i o n s  t o  be s e e n  e x p e r i m e n t a l l y ,  
En rhe  i n r r o d u c t i o n  we have p o a n ~ e d  ou t  t h a t  bo th  t h e  works 
9 
of Rosenblrrn and Carduna,  and of lumasch9 i o d i i a i e d  t h a t  f o r  
r e l a t s v e l y  p u r e  Pb, rhe r a t i o  H 
~ 3 ~ ~ ~ 2  = 1,9 f a t r e d  b e t r e r  r o  r h e i r  
e x p e r i r n e n ~ a l  dara  eban i,/- B u r  t h e l r  daiza are zoo c rude  K O  be  con- 
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sidertd as a p o s i r i v c  rv ldence  a£ our  predlri~on. D i  ~ o r b o "  first 
r e p o r r e d  thac he had observed a consls&enc Lncredse sn t h e  z a ~ ~ o  
Hc3/Hc2 from the va lue  1 . 7  t o r  annealed p u r e - n i o b ~ u m  samples ( a t  
T = 4.2"K, w h i l e  T = 9 .  2iGK) . I n  a  subsequent  paper33,  however, h e  
e 
r e p o r r e d  t h a r  H c , / H c 2  = 1- 7@ was observed f o r  p u r e  Nb and f o r  Nb 
c o n t a i n i n g  oxygen i n  a  c o n c e n t r a t i o n  below t h e  s o l u b i l i t y  l i m i t  
( a l s o  measured a t  T = 4.2"K). We now want t o  p o i n t  o u t  t h e  f o l -  
lowing two p o i n r s  concerning h i s  work: (1)  En h i s  f i r s t  paper ,  32 
Hc3 was i d e n t i f i e d  a s  t h e  s m a l l e s t  f l e l d  a r  which r h e  r e s i s t a n c e  
of t h e  sample a r t a a n e d  r h e  normal - s ta te  v a l u e ,  While i n  h i s  second 
p a p e r ,  h e  ru rned  r o  u s e  c r i t i c a l  c u r r e n t  measurement t o  o b t a i n  H 
c3' 
A s  i s  p o i n t e d  o u t  by him, t h e  former method can n o t  g i v e  a  good 
accuracy  because  t h e  sample r e s i s t a n c e  r e s t o r e s  t o  normal asymptot i -  
c a l l y ,  But we want t o  p o i n t  ou t  t h a r  h i s  l a t t e r  merhod w i l l  
s y s t e m a t i c a l l y  g i v e  s m a l l e r  v a l u e s  f o r  H 
C 3 "  
The reason  i s  t h a t  
t h e o r e t i c a l l y  t h e  c r i r i c a l  c u r r e n t  i s  t h e  l a r g e s t  c u r r e n t  t h e  
sys tem can c a r r y  wi thour  showing any r e s i s t a n c e ,  and H f s  t h e  
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f i e l d  a r  which t h e  c r i t i c a l  c u r r e n t  v a n i s h e s .  But f o r  p r a c t i c a l  
r e a s o n s ,  he  had t o  i d e n t a f y  t h e  c r i r i e a l  c u r r e n t  a s  r h e  c u r r e n t  
whfch g i v e s  minimum d e r e c t a b l e  v o l t a g e *  Bes ides ,  h e  a l s o  i d e n t i f i e d  
Hc3 a s  t h e  f i e l d  a t  which r h e  c r l e i e a l  c u r r e n t  I becomes e q u a l  t o  
C 
t h e  normal c u r r e n t  In a s  t h e  minlmum d e t e c r a b l e  v o l t a g e  i s  a p p l i e d  
t o  t h e  sample,  It a s  easy  ro  s e e  c h a t  H measured i n  c h i s  way 
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shou ld  always be s m a l l e r  t h a n  r h e  e x a c t  v a l u e ,  I n  f a c r ,  f o r  B  l e s s  
t h a n  ehe "apparent  H ", his measured v a l u e s  f o r  I (named by him a s  
c 3 C 
J -  when drv ided  by r h e  cress s e c t ~ c n a l  a r e a  of  the sample,  and Js 
L 
when drvbded by the widrh ot c h e  ~ b s r e n t  caLryPng superconducting 
LOO 
surface s h e a t h )  slnoald be  q u ~ t c  accu ra t e  segariiless of h r s  "badi' 
d e f i n z t ~ o n  f o r  1 We L d n  r h e i e i o r e  e x r r a p o l a r i  hss d a t a ,  a t  lca,i 
C 
c r u d e l y ,  down so  L = 0, t o  f l n d  the "correce" v a l u e  f o r  H 
e3 " F r  om e 
rhe  o n l y  p l o r  o f  Jc v s ,  H curve  f o r  an ou tgassed  and annealed p u r e  
niobium sample p u b l i s h e d  i n  h i s  second p a p e r ,  we found zhae w h i l e  
t h e  "apparent  H " i s  (1.7 + 0.03)  H C 2 .  r h e  " c o r r e c t  H " could 
c 3 1 - c 3 
v e r y  p robab ly  b e  some v a l u e  w i t h i n  t h e  range (2,O - + 0 .1)  H 
c2 " (2) 
While h e  d i d  n o t  d e s c r i b e  t h e  n a t u r e  of s u r f a c e s  of t h e i r  samples ,  
i t  i s  s t r o n g l y  d o u b t a b l e  t h a t  t h e i r  sample could  have a lmost  
s p e c u l a r l y  r e f l e c t i v e  s u r f a c e s ,  which can on ly  b e  o b t a i n e d ,  we 
b e l i e v e ,  by c a r e f u l  p o l i s h i n g  p r o c e s s e s .  H i s  measurements a r e  
t h e r e f o r e  most p robab ly  beyond t h e  r e g i o n  of a p p l i c a b i l i t y  of our  
theory. These two p o i n t s  i n d i c a t e  c h a t  h i s  r e s u l t s  do n o t  c o n s i s t u t e  
a d i s p r o o f  o f  o u r  p r e d f c t l o n s .  
F i s  cher  34 y'ix) r e c e n t l y  p u b l i s h e d  some a c c u r a t e  measurements 
of H ( b u t  n o t  H ) f o r  two p u r e  Pb samples ,  He found t h a t  t h e  
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curves  of H v s .  T a r e  concave upward near T . However, h e  i n t e r -  
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p r e t e d  t h e s e  d a t a  as r o  correspond t o  samples w i t h  s u r f a c e  roughness  
c h a r a c t e r i z e d  by P = 0 - 4 8  and 1 r e s p e c r i v e l y ,  s o  a s  r o  f f t  n i c e l y  f o r  
T  ; 1.5'K w i t h  I,iiderss formula  
f o r  samples w i ~ h  rough s u r f a c e s ,  where t h e  parameter  P i s  s o  d e f i n e d  
t h a t  P = 0 cor responds  t o  a specul-acly reflective s u r f a c e ,  and P = 1 
i n d l c a c e s  a complerelg d i f f i i s e  s c d r t e r z n g  surface, We now want ro 
p o i n t  o u r  char che se r  of Frschef's data corresponding t o  the sample 
asslgned to P = 0,48 a c t u a l l y  rlts s l l g h t i y  beerer to our eheory 
( w h I ~ ' h  ~ o i r e ~ p o n d ~  to P - 0 1 )  r h a n  r o  Liiders ' ,  even? rhaugh  o u r s  1s 
only  semi-yuans l rd rsver  I4Je ~ I T S E  no&lce rhar ~iiders"0rrnuLa wirh 
P = 0.48 a c t u a l l y  l i e s  everywhere v e r y  c l o s e  o u r  i n t e r p o l a t e d  
curve  ( s e e  f i g .  5 ) The d e v i a t i o n  a t  low tempera tu res  could  be 
l e s s  i f  one remembers t h a t  O U T  low tempera tu re  r e s u l t s  a r e  on ly  lower 
bound estimations, The h i g h  t empera tu re  deviation of t h e  rwo curves  
from each o t h e r  i s  t h e  major  d i f f e r e n c e  of t h e  two t h e o r i e s ,  We t h e n  
p o i n t  o u t  t h a t  F i s c h e r  a l s o  p u b l i s h e d  I n  t h e  same a r t i c l e  a  p l o t  of 
H / (T -T) v s ,  T  f o r  t h e  two samples of p u r e  Pb mentioned b e f o r e .  
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Data a r e  measured w i t h i n  t h e  temperarure  range  between 1~1,5"K and 
%5,9OK, b u t  an  i n t e r p o l a t e d  p o i n t  a t  T = 7*Z°K i s  a l s o  shown i n  t h e  
c  
p l o t .  For T  ; 5°K H i s  expected t o  be roughly p r o p o r t i o n a l  t o  
c2 
T  -T ( a s  is  e x p l a i n e d  i n  t h e  a r r i c l e ) ,  Thus f o r  T > 5"K, t h e  p l o t t e d  
c  
curves  shou ld  r e f l e c t  t h e  behav ior  of Hc3/Hc2' which,  accord ing  t o  
1 / 2 ]  Liiders' fo rmula ,  shou ld  be  p r o p o r t i o n a l  t o  [ l  + 0,382 P (1-E) 
But t h i s  i s  a p p a r e n t l y  n o t  t h e  c a s e  s i n c e  t h e  formula  p r e d i c t s  an 
i n f i n i t e  s l o p e  a t  Tc, w h i l e  t h e  curves  a p p a r e n t l y  do n o t  show such a  
b e h a v i o r ,  The curves  a r e  s e e n  r o  be comparible  w i t h  our  p r e d i c t i o n s  
b u t  no d e f i n i t e  c o n c l u s i o n s  can be made on c h i s  p o i n t ,  e s p e c i a l l y  
s i n c e  P i s  n o t  measured independen t ly ,  
Our conc lus ion  i s  t h e r e f o r e  t h a t  even F l s c h e r ' s  p r e c i s i o n  measure- 
ment of H can n o t  b e  cons idered  as a  p o s i r i v e  ev idence  f o r  our  t h e o r y ,  
c3 
nor  i s  i t  a d i s p r o o f ,  It i s  t h e r e t o r e  ve ry  d e s i r a b l e  t o  s e e  more 
p r e c i s i o n  measurements of K a s  w e L l  a s  K on hagh p u r i t y  super -  
c 3 c 2 
conduc tors  w i t h  ex t remely  smooch s u r f a c e s ,  p r e f e r a b l y  on vanadlum o r  
nfobium, i n  o rde r  co check our predlctlons- 
We now et lun to d l s c ~ j s s  some of t h e  r h e o c e r i c a L  d r f f s e u l t ~ e s  
encoun~ered Ln che p i e s ~ n ~  L ~ J ~ C U ~ ~ L L G L ~ ~  50 L I I ~ T  i h e  r eaders  may 
unders rand  why w e  d i d  nos  perform ozlr ca icu lac lor i  t o r  a  w i d e r  c lass  
o f  c a s e s ,  I n  t h e  meantime, we s h a l l  a l s o  p o l n t  o u t  some of r h e  
p o s s i b l e  e x t e n s i o n s  of our  p r e s e n r  c a l c ~ l a r l o n ~  
We have mentioned b e f o r e  ~ h a c  l r  i s  on ly  due t o  mathemat ica l  
d i f f i c u l t i e s  t h a t  we d l d  nor  s o l v e  t h e  problem a t  t h e  i n t e r m e d i a t e  
t empera tu re  r a n g e ,  Our f o r m u l a t i o n  of t h e  problem i s  v a l i d  f o r  a l l  
t empera tu res  below T . I n  f a c r ,  a  lower bound e s t i m a t i o n  of H i s  
C c  3 
p o s s i b l e  at a l l  t empera tu res  below T excep t  t h a t  t o o  much computer 
c 
t i m e  w i l l  be  needed f o r  i t  t o  be  wor th  c a r r y i n g  o u t .  The formal ism 
f o r  i n c l u d i n g  t h e  e f f e c t  of non-magnetic i m p u r l c i e s  h a s  been w e l l  
e s t a b l i s h e d .  Thus our  f o r m u l a t i o n  can c e r t a i n l y  b e  g e n e r a l i z e d  t o  
i n c l u d e  t h e  e f f e c t  of  non-magneric r m p u r i t i e s .  However, t h e  s o l u t i o n  
of t h e  r e s u l e a n t  e q u a t i o n s  r e q u i r e s  t h e  f i n d i n g  of a  new b a s i s  i n  
which t h e  k e r n e l  of t h e  l i n e a r i z e d  gap e q u a t i o n  f o r  t h e  p u r e  l i m l t  
c a s e  is  d i a g o n a l i z e d ,  T h i s  1s e q u v a l e n s  t o  f i n d i n g  t h e  e x a c t  
s o l u t f o n s  of a l l  p o s s i b l e  nucleatLon modes f o r  t h e  p u r e  l l m i t  
c a s e  - a s r t u a t f o n  which 1s p o s s i b l e  f o r  ehe i n f i n i t e  sample c a s e ,  
b u t  nor  f o r  t h e  semi-infinite sample c a s e  a s  we have s t u d i e d  h e r e .  
We t h e r e f o r e  have g l v e n  up  he acremprs t o  c a l c u l a t e  H f o r  a l l  
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impur i ry  coneen'crat%onsP A t  low lmpuricy c o n c e n t r a t i o n s ,  i t  is  n o t  
h a r d  t o  s e e  from t h e  g e n e r a l  formal ism r h a t  t h e  l o w e s ~  o r d e r  cor-  
r e c r i o n  t o  H , ) / H L 2  i s  a l i n e a r  rerrn i n  A = i, /I where 1 i s  t h e  e l e c t r o n  
0 
mean f r e e  p a t h  due  r o  ampur lc ies ,  L t  1s nor ve ry  easy  to cornpure r h e  
c o e f i - i c i e n c  of t h a s  c o r r e c e l o n  t e r m ,  b u t  w e  can s t i l l  s p e c u l a r e  t h a t  
the q u a s a r a s r v e  effecr of z r n p a ~ i r ~ e s  i t o  g r a d u a l l y  reduce % h e  
m i l d  rennperarlrse dependence o f  rhe rar_ko K 
.J /Hi_ 2 L O  a f l a t  1,1 as 
1 -. 0- tde asso t zxpc ,~  I iaar. r h l s  s m ~ o r h r i l g  e f f e c t  should h e  uonghly  
hal f -done a &  t to. 
I n  our  c a l c u l a t i o n  we h s v e  a l s o  l i m i t e d  o u r s e l v e s  t o  s p e c u l a r l y  
r e f l e c t i v e  s u r f a c e ,  To g e n e r a l i z e  o u r  mic roscop ic  c a l c u l a t i o n  t o  
samples w i t h  rough s u r f a c e s ,  a r e a s o n a b l e  s c a r r i n g  p o l n r  w i l l  b e  L O  
assume a  roughly  p l a n e  s u r f a c e  w i t h  s m a l l  r andomly-d i s t r ibu ted  bumps 
and k i n k s ,  We muse r e q u i r e  our  normal e l e c t r o n  Green ' s  f u n c t i o n  t o  
v a n i s h  on such a  s u r f a c e .  Using t h i s  Greens f u n c r l o n  L O  construct our  
k e r n e l  f o r  t h e  l i n e a r i z e d  gap equae ion ,  we can t h e n  average  t h e  k e r n e l  
over  t h e  s t a t i s t i c a l  b e h a v i o r  of r h e  s u r f a c e  roughness t o  r e e s t a b l i s h  
t r a n s l a r i o n  i n v a r i a n c e  of t h e  k e r n e l  a i o n g  t h e  s u r f a c e ,  (This  p rocedure  
i s  c l o s e l y  analogous r o  r h e  r reatmenc of randomly d i s t r i b u t e d  i m p u r i t i e s ,  
s e e  r e f e r e n c e s  c i t e d  i n  t h e  l a s r  p a r a g r a p h , )  Using c h i s  p rocedure ,  i t  
i s  c l e a r l y  s e e n  t h a ~  a s i m i l a r  c a l c u l a t i o n  of H 
c3IHc2 f o r  t h e  d i f f u s e  
s c a r c e r i n g  s u r f a c e  c a s e  i s  much h a r d e r  t h a n  f o r  t h e  s p e c u l a r l y  
r e f l e c r i v e  s u r f a c e  c a s e ?  However, we s t i l l  r h l n k  t h a t  such a  funda- 
menta l  s t u d y  on rhe  e f f e c t  of s u r f a c e  roughness t o  H i s  p o s s i b l e ,  and 
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we s h a l l  a r t empt  r o  s o l v e  t h i s  problem i n  r h e  f u c u r e ,  
Another p o s s i b l e  extension of our  p r e s e n t  c a l c u l a t i o n  i n c l u d e s  
t h e  c a l c u l a t i o n  of Hc3/Hc2 f o r  v a r i o u s  zypes of sample g e o m e t r i e s ,  
such a s  l n f l n l t e  s l a b s  of f l n i r e  rh lckness , '  c y l i n d e r s  of r a d i u s  
35 
to ,  o r  even samples t h a s  occupy one o r  r h r e e  quadran t s  of rhe  
s p a c e ,  - a scudy of the  l a s r  c a s e  ciin probably  cast l i g h t  on t h e  
e f fec r  o f  Large-sca le  s u r f a c e  roughness ,  o r  even per iodkc  s u r f a c e  
gra~ings~ A s  i s  remarked ar t h e  end of o u r  c h a p r e r  LV, we expec t  
cha r  ogr  g e n e r a l l t e d  mcrbod of Images can be su~cessfully a p p l i e d  t o  
104  
rhese slmpLe geornekrses co o b t a l n  the approprlaze normal electron 
Green's f funccion,  and hence the I~nearized gap equation t o r  such  cases, 
Our f r n a l  g e n e r a L l z a e ~ o n  lnvoLves  he s t u d y  of ehe effects of 
d i e l e c t r i c  o r  m e t a l l i c  e o a r i n g s  t o  che s u r f a c e ,  and we expec t  t h a t  our  
g e n e r a l i z e d  image merhod w i l l  a l s o  work f o r  such e a s e s ,  i f  p r o p e r l y  
s i m p l i f i e d  models a r e  proposed f o r  such  systems.  Exper imenta l ly ,  t h e s e  
s u r f  a c e  e f f e c t s  have been scud ied  by v a r i o u s  g roups .  36 T h e o r e t i c a l l y ,  
c a l c u l a t i o n s  have been made on ly  i n  t h e  L-G region.37 A mic roscop ic  
s t u d y  of such a  problem is  t h e r e f o r e  q u i t e  d e s i r a b l e .  
BOUNDARY CONDITION FOR A SPECULARLY REFLECTIVE SURFACE 
I n  t h i s  Appendix, we a n a l y z e  what i s  t h e  e x a c t  e f f e c t  of a  
" s p e c u l a r l y  r e f l e c t i v e  boundary s u r f a c e "  on t h e  e l e c t r o n  wave 
f u n c t i o n s  i n  a  p i e c e  of m e r a l ,  and r h e r e f o r e  answer t h e  q u e s t i o n  
of what i s  t h e  mic roscop ic  B , C .  o r  B . C . ' s  t h a t  could  b e  a s s i g n e d  
t o  such a  s u r f a c e ,  s o  f a r  as e l e c t r o n  wave f u n c t i o n s  a r e  concerned.  
Consider  a  s e m i - i n f i n i t e  sample occupying t h e  ha l f - space  
f 
z - > 0. An e l e c c r o n  of momenrum k, i f  n o t  s c a t r e r e d  by t h e  boundary 
iL .s f -  i k z r z  
s u r f a c e ,  i s  d e s c r i b e d  by t h e  p l a n e  wave e  e  e  
L e t  k < 0 s o  t h a t  t h e  e l e c t r o n  i s  moving t o  t h e  l e f t .  What is  
z 
t h e  s c a t t e r e d  wave f u n c ~ i o n  i f  t h e  boundary s u r f a c e  i s  p r e s e n t ?  
The c l a s s i c a l  d e f i n i t i o n  o f  " s p e c u l a r  r e f l e c t i o n "  i s  t h a t  an  
e l e c t r o n  coming coward t h e  s u r f a c e  w i r h  momentum (kx, ky, kZ) 
w i l l  l e a v e  che s u r f a c e  a f t e r  s c a r t e r i n g  w i t h  momentum (k k -kZ). 
X' y '  
Quantum mechan ica l ly  t h e  e l e e r r s n  wave f u n c r i o n  can a l s o  g a i n  a 
phase  s h i f t  e2" d u r i n g  t h e  s c a r r e r i n g  p r o c e s s ,  where Q i n  g e n e r a l  
can s t i l l  be  an a r b i t r a r y  r e a l  f u n c t i o n  of c. An e l e c t r o n  of 
momentum ( w i t h  k i 0) b e f o r e  s c a t t e r i n g ,  shou ld  t h e r e f o r e  b e  
Z 
d e s c r i b e d  by t h e  fo i lowing  complere wave f u n c r i o n :  
i f  ~t is i n  a sample with such a b o ~ n d a u y ,  Ler u s  now use t h e  
momentum afcer  &he s~artering io characterize r h e  wave f u n c t i o n ,  
-105- 
PO6 
Since  an o v e r a i l  phase facror  rs lrreievant to the wave Eunc~ion, 
expression (A-I) can also be wrlrten a s :  
3 
C o l l e c r i n g  a l l  yrs( r ) ,  of  t h e  form g iven  i n  (A-2), f o r  a l l  2 
w i t h  k 2 0 ,  we g e r  a  complete  o r thogona l  b a s i s  f o r  t h e  H i l b e r t  
Z - 
s p a c e  t h a t  c o n t a i n s  a l l  t h e  s t a r e s  we a r e  i n t e r e s t e d  i n .  L e t  
-f $ ( r )  b e  t h e  wave f u n c t i o n  of an  e l e c t r o n  i n  t h e  sample s t u d i e d .  
Then, r e g a r d l e s s  of what s r a t e  t h e  e l e c t r o n  is  i n ,  we must have:  
--f 
where C' means summing o v e r  a l l  k w i t h  k z - :0. 
What B . C .  does t h i s  I)(;) have t o  s a t i s f y ?  To a t t empt  t o  answer 
t h i s  q u e s t i o n ,  we f i r s t  n o t i c e  t h a t :  
i?t. 0 ;  
and 
I n  g e n e r a l ,  no s imple  B.  C .  can be  o b t a i n e d  from t h e s e  two expres -  
s i o n s  by e l i m i n a t i n g  a l l  A c t s .  Bur i f  
k, c o t  e ( C )  = f(ZL) ( A - 6 )  
i s  independent  of k we can e l i m i n a t e  k ' s  by f i r s t  app ly ing  an 
z k 
I n v e r s e  Fourier transform t o  eq, (A-4) Lo get: 
LO 7 
and then substituting t h i s  result i n t o  eq ,  ( A - 5 ) -  We then g e t :  
where 
1 i'i * ( rL- r i  ) -+ t ( r - r  - r- f  (Q e  (A-8) 
( 2 ~  2 kL 
Thus a l l  B . C . ' s  d e s c r i b e d  by t h e  g e n e r a l  form (A-7) can b e  
a s s i g n e d  t o  a  s p e c u l a r l y  r e f l e c t i v e  boundary,  which a r e  n o t  y e t  
a l l  t h a t  can be  s o  a s s i g n e d  a s  eq.  (A-6) i s  n o t  n e c e s s a r i l y  t r u e .  
We remark t h a t  a 1 1  B . C . ' s  of t h e  form (A-7) s a t i s f y  t h e  
c o n d i t i o n  t h a t  no n e t  t o t a l  c u r r e n t  ( b u t  n o t  c u r r e n t  d e n s i t y  a t  
a  l o c a l  p o i n t )  f low ou t  of o r  i n t o  t h e  boundary s u r f a c e .  To 
prove i t  we can use  t h e  s imple  f a c t  from (A-8) :  
-1 + 3 -f I ( = a  i s  f u r t h e r  independent  of kL, S(r,-r,') t h e n  
-1 -+ i; 
reduces  t o  t h e  l o c a l  k e r n e l  a  6(r,-r,') , and t h e  B . C .  eq. (A-7) 
becomes : 
Eq.  (A-9) t h e n  g u a r a n r e e s  us t h a t  even r h e  c u r r e n t  d e n s i t y  
normal r o  t h e  boundary s u r f a c e  vanxsh everywhere on t h i s  s u r f a c e .  
I f  a  i s  f u r t h e r  s e t  e q u a l  t o  z e r o ,  we t h e n  geE 
+ 
T h i s  c a s e  can be  r e a l i z e d  by s e r t i n g  a l l  + ( k )  = 0.  
+- i 
Another s i t u a t i o n  i s  when ~ ( k )  - n/2 f o r  a11 k, w e  then  g e t  
a = m 9  and e q ,  (A-9) becomes : 
LO8 
P h y s i ~ r i l l y ,  t h e  B , C -  (A-LO)  r s  f o r  the  case when t h e  surface 
is c h a r a c e e v i z e d  b y  an rnfinlte potenc~al wali at t = o ,  
I f  an i n f i n i t e  p o t e n t i a l  w a l l  i s  a t  z = -a w i t h  "a" ve ry  s m a l l  
(more r i g o r o u s l y ,  "a" must be  s o  s m a l l  t h a t  k z a < < l  f o r  a l l  k Z  t h a t  
correspond t o  a  n o n - n e g l i g i b l e  A ~ ) ,  we t h e n  have $(%) = k,a,  and t h e  
B . C .  i s  s imply t h a t  g iven  by eq .  (A-9). 
Equa t ion  (A-9) w i t h  a  reasonab ly  s m a l l  "a",  can a l s o  b e  c r u d e l y  
i d e n t i f i e d  a s  t h e  B .C .  f o r  a m e t a l - i n s u l a t o r - m e t a l  sandwich,  i f  t h e  
p o t e n t i a l  b a r r i e r  e s t a b l i s h e d  by t h e  i n s u l a t i n g  l a y e r  i s  nor  on ly  
h i g h  compared w i t h  t h e  e n e r g i e s  of a l l  s t a t e s  t h a t  p a r t i c i p a t e  i n  t h e  
-+ 
expansion of I) ( r )  w i t h  a  n o n - n e g l i g i b l e  p r o b a b i l i t y  ampl i tude ,  b u t  
a l s o  wide compared w i t h  t h e  mean decay w i d t h  of t h e  e l e c t r o n  wave 
f u n c t i o n  i n s i d e  t h e  b a r r i e r .  And even i n  t h i s  l i m i t ,  t h e  i d e n t i -  
f i c a t i o n  can on ly  be  cons idered  a s  an  approx imat ion ,  a s  t h e  e x a c t  
s i t u a t i o n  c l e a r l y  can nor  be  r e p r e s e n r e d  by a  s i n g l e  pa ramete r .  
The B . C ,  (A-11) i s  even l e s s  r e a l i s t i c  i n  t h e  p h y s i c a l  world .  
However, i n  t h e  mafn t e x t  of t h i s  t h e s i s ,  we s h a l l  a l s o  u s e  i t  a s  
a  chosen B . C .  r o  work w i t h ,  n o t  because  i t  h a s  any p h y s i c a l  fm- 
p o r t a n c e ,  b u t  because  i t  can l e a d  us  r o  a  bonus s o l u b l e  c a s e  
( s e e  Ch. 11, eq .  (11-24) and Ch, 111, eq.  (111-14), where t h e  B . C .  
h a s  been s l i g h t l y  changed t o  i n c o r p o r a t e  gauge f n v a r f a n c e  i n t o  t h e  
e x p r e s s i o n ) ,  
F i n a l l y ,  and most i m p o r t a n t l y ,  we a n a l y z e  a  r e a l i s t i c  s i t u a t i o n  
where a  s e m i - i n f i n i t e  m e t a l l i c  sample i s  s e p a r a t e d  from a  vacuum o r  
an i n s ~ l a t o r  by a  p e r f e c t l y  smooth p l a n e  boundary.  Such a  boundary 
can be  r e p r e s e n t e d  by a  s t e p  p o t e n r r a l :  
3 f o r  z , ~ 0  
\ r ( ~ )  = 
ire-0 f o r  L-.O 
We s h a l l  only c o n s l d e r  e l e c t r o n s  i n  s c a r e s  w i t h  mean energy 
roughly e q u a l  t o  t h e  Fermf energy E (This  i s  s u f f i c i e n t  f o r  F' 
s t u d y i n g  s u p e r c o n d u c t i v i r y  phenomenon, a s  o n l y  s t a t e s  i n  t h e  
neighborhood of  t h e  Fermi b e v e l  w i t h  J E - E ~ J  ;uD, t h e  Debye f r e -  
quency, a r e  invo lved  i n  superconduc t ing  condensa t ion ,  and we have 
w < c  E ) The q u a n t i t y  V -E i s  u s u a l l y  c a l l e d  work f u n c t i o n ,  whose D F  * 0 P 
magnitude i s  u s u a l l y  e q u a l  t o  a  s m a l l  f r a c t i o n  of E F'  
The e l e c t r o n  wave f u n c t i o n s  and hence t h e  phase  s h i f t s  f o r  
such a  c a s e  can  b e  s o l v e d  e x a c t l y ,  and r h e  r e s u l t  g i v e s  
k z c o t  $(z) = - Ti i2m(V o  -Eg)  
The approximat ion makes k  c o t  $(g) a  c- independent  q u a n t i t y ,  
z 
s o  t h a t  we a g a i n  o b t a i n  t h e  B , C ,  (A-9) .  S i n c e  t h e  work f u n c t i o n  is  
u s u a l l y  e q u a l  t o  a  s m a l l  f r a c t i o n  of E we f i n d  t h a t  "a" i s  roughly F 9  
e q u a l  t o  a  few Fermf wave l e n g t h s .  Th i s  means t h a t  t h e  e l e c t r o n  
wave f u n c t i o n s  can have an e x p o n e n t f a l l y  d e c r e a s i n g  t a i l  e x t e n d i n g  
o u t s i d e  of t h e  boundary s u r f a c e  t o  a  d f s t a n c e  roughly a l s o  e q u a l  t o  
a  few Fermi wave l e n g t h s ,  S i n c e  t h e  e l e c t r o n  mean wave l e n g t h  i n  
-1 t h e  z d i r e c t i o n  can be  any v a l u e  between 0  and O(p ) ,  t h e  cor-  F 
responding  phase  s h i f t  can r h e r e f o r e  b e  any v a l u e  from 0 t o  some- 
what l a r g e r  t h a n  n / 4 .  T h i s  i n d i c a t e s  char. "a" i s  nor  s m a l l  s o  f a r  
a s  e l e c t r o n  wave f u n c t i o n s  are concerned,  However, w e  must remember 
t h a t  w e  want t o  apply  a l l  of t h i s  t o  s t u d y  p r o p e r t i e s  of superconduct-  
i v i r y ,  where t h e  Impor tan t  c h a r a c t e r ~ s t i c  l e n g t h  1s t h e  BCS coherence 
Length 5 . For pure samples, this Length 5 is on the order 
0 0 
3 4 - 1 10 eo LO Limes p F ' Th i s  implies t h a t  the  o n l y  e f f e c t  o f  a 
non-vanishing "a f ' i i n  che B.C, (A-9) LE; to appear through the 
combination a / c o ,  which i s  n e g l i g i b l y  s m a l l .  
We a r e  t h e r e f o r e  j u s t i f i e d  t o  c o n s i d e r  t h e  a + 0 l i m i t  i n  
t h e  B .C .  (A-9), and t o  u s e  eq.  (A-10) a s  t h e  p r o p e r  B . C . ,  s o  
long  a s  we a r e  s t u d y i n g  s u p e r e o n d u c t f v i t y  phenomenon f o r  p u r e  
samples.  I t  i s  concluded c h a t  f f  t h e  sample i s  d i r t y  enough s o  
t h a ~  r h e  coherence l e n g t h  becomes much reduced ,  t h e n  t h e  p r e s e n c e  
of a non-vanishing "a" i n  t h e  more e x a c t  B . C .  (A-9) , shou ld  a t  
l e a s t  b e  examined, o r  proven t o  b e  n o t  i m p o r t a n t  i f  i t  happens 
t o  be  t h e  case .  
The i d e n t i t y  found by Helfand and wertharnerl2 r e a d s  
4- 
f 
exp [? 2 i e  A(:) * d z ]  exp [ (G' -3 *'? J;t -+ P=r + 
where t h e  p a t h  i n t e g r a l  f o l l o w s  a  s t r a i g h t  l i n e  connec t ing  t h e  
end p o i n t s .  T h i s  i d e n t i t y  can b e  g e n e r a l i z e d  s o  t h a t  t h e  p a t h  
i n t e g r a t i o n ,  i n s t e a d  of f o l l o w i n g  a  s t r a i g h t  l i n e ,  w i l l  now f o l l o w  
an  a r b i t r a r y  g iven  curve.  I f  t h e  curve  i s  g i v e n  by t h e  p a r a m e t r i c  
-f -f -f -+ -f 
e q u a t i o n  s = s ( t )  where 0 - < t - < 1, s o  t h a t  s ( o )  = :', s ( 1 )  = r ,  
t h e n  t h e  g e n e r a l i z e d  i d e n t i t y  r e a d s :  
r1 d; .+ ] exp[- I d t  --MY ]A(p) , , 
' 0 ' 0 
d t p  p = r  
where t h e  t ime  o r d e r i n g  o p e r a t o r  T r e q u i r e s  t h a t  when we expand 
t 
1 d; 
t h e  e x p o n e n t i a l  o p e r a t o r  exp[-1 d t  D ( t ) ] ,  where D (t) - * 
2 0  P P d t  
( 4- 2 i e  I ( ; ) ) ,  w e  shou ld  always r e a r r a n g e  t h e  operators 
P - 
{ D p  (t) 1 ,  i n  any term i n v o l v i n g  a p roduc t  of t h e  form D (i ) D ( t  ) . . 
P I  P 2  
. . D  (t ) ,  i n  order of decreasing t ( i , e ,  co make t t 7 
O n 1 - 2 - " * "  - t n )  * 
This means t h a t  operarors  chdraccerized by e a r l i e r  times must always 
operate e a r l i e r ,  
In the  main e e x t ,  we shall w r i t e  eq* (B-2)  in t h e  following 
tarrn, (see Ch, LV, ey. ( L V - 5 ) :  
r L  
= T exp [- y+ d%*(? + ~ieX(G))l~(cjl+ + 
r '  P - I p=r 
where 4 denotes a path integral along the given curve, and the 
i 
"time" parameter for the operator T is now implicit. 
In the following, we give a proof of eq. (B-2) which is a 
straight generalizatipn of Helfand and Werthamer's original proof 
for eq. ( B - I ) ,  (it includes the original proof as a special case): 
First we define: 
so that 
dQ,(O) 
dV(e)/d0 = Ttiexp[P(0) + ~+(0j] 1 & exp[-P(@)] 
- 
We then notice that: 
dQ*(0> 
expLP(0) 1 z0 exp l-P ( 0 )  l 
whicli i m p l i e s :  
s o  t h a t  eq .  (B-4) can b e  i n t e g r a t e d  w i t h o u t  wor ry ing  about  8-order ing.  
N o t i c i n g  t h a t  V(1) = 0, we g e t :  
Conver t ing t h i s  e q u a t i o n  i n t o  t h e  form: 
w e  r e a l i z e  t h a t  t h i s  e q u a t i o n  i s  n o t h i n g  b u t  eq .  ( B - 2 ) .  
-f 
We n o t i c e  t h a t  t h i s  proof h o l d s  f o r  a r b i t r a r y  A ( r ) .  The 
magnet ic  f i e l d ,  t h e r e f o r e ,  does n o t  have t o  b e  a  c o n s t a n t .  
VARIATIONAL CALCULATION OF H (to = 0) AT T = O°K 
c I/ 
-f 3 
We start from eq. (IV-4). In gauge B where A(r) 5 
and 
-+ 
where r = zx'+z'x zy'+z'y, 0) has been used. 1 - ( z+z' ' z+zl 
usins (11-30) £ 0  k 0  ( - ) > we get the following form 
for our LGE: 
-t -t -2 -1 -t -t i r - r  1 exp[-21wlvF lr-r' 11 
+ 
where A(r) has been limited to be a functfon of z only. 
2 
Introducing the notations N(o) - mPF/ (27 ) , to(T) = vF/ (2n~) ,
so that Co E <,(T,), EH = (2eH) we can then define the 
following dimensionless quantities: 
--f 0 = E-~z, and i a(@) +- = 2eA(r)EH9 (c-4) + + 
H 
so that (C-3) can be cast into the following more convenient form: 
If we ignore the Debye frequency cut-off,the summation over n 
can then be carried out to give: 
exp [-i ( 
+ 
'L -f l~(1')dC'. I C - R ~ ~ ; ' ~ ~  ~inh(tlp-R 5 , ; ' I  ) 
At T = O 0 K ,  this equarion reduces to: 
r;+5 ' 
exp[-i(- -co) (E-E1)1 
A(c) = (4~)-'/ A IN(O) \ i 2 
J 
5 "0 
We now wanc to reestablish the proper frequency cut-off by 
introducing an equiva len t  space cut-of f , say, 1 < - 5  ' 1 > E.  That 
this fs possible has already been estabizshed by Gor'kov, 1.9 
In s t ead  of finding che functional dependence between c and the 
Debye f requency LC h e  p o i n t e d  s u e  r h a t  the unknown cut-off  para-  D s 
meter  cou ld  be  e l i m i n a t e d  by u s i n g  r h e  f o l l o w i n g  i d e n t i t y :  
2  
m A S i n  (uR/vF) 
0 3 K1(Rao/vF) d  R ,  
R2 
t h a t  de te rmines  d che z e r o  t empera tu re  energy gap of an i n f i n i t e  
0 ' 
superconduc tor  i n  z e r o  magnet ic  f i e l d .  Wr i t ing  i n  terms of dimension- 
-1 (. - 
l e s s  v a r i a b l e s  k = SH R,  t c  = h - l l 2  ; = u /  (2nTc) , and wD = wD/(2nTc), 
where l n y  = c - 0.577 i s  E u l e r ' s  conscan t .  
Gor 'kov p o i n t e d  our: t h a t  i f  one s e t  w = coin ( C - 9 ) ,  one could D 
+,-+ g e t  an  e x p r e s s i o n  which i s  a l s o  l o g a r i t h m i c a l l y  d i v e r g e n t  a t  p -p, 
-f 
is one i d e n t i f i e d  R a s  7;-1;'. He t h e r e f o r e  proposed t h a t  one should 
use  t h i s  e x p r e s s i o n  w i t h  = a t o  e l i m i n a t e  I A(N(o) i n  (C-6) o r  D 
(C-7). One could  t h e n  i n t r o d u c e  p roper  s p a c e - c u t - o f f ' s  on b o t h  s i d e s  
of t h e  e q u a t i o n  co g e t  cut-off - independent  f i n i t e  r e s u l t s .  
So much i s  g i v e n  by Gor 'kov, and indeed h e  h a s  been a b l e  t o  
o b t a i n  c o r r e c t  r e s u l c s  on t h e  c a l c u l a t i o n  of H f o r  p u r e  samples 
c2 
'x 
a t  T = O°K, u s i n g  t h i s  equ iva lenb  space-cut-off  p rocedure .  However, 
t h e  a p p l i c a t i o n  of t h i s  p rocedure  i s  noc y e t  s o  s t r a i g h t  forward.  
C a r e f u l  examinat ion of G o r v k o v ' s  l a t e r  e x p r e s s i o n s ,  a f t e r  h e  h a s  
used t h i s  p r o c e d u r e ,  i n d i c a t e s  t h a r  w h i l e  he used t h e  cu t -o f f  
I z ; - i '  / r E f o r  e q ,  (6-7), he seems .co have used the cu t -o f f  r 2 r  
Z 
f o r  eq ,  ( C - 9 ) ,  and o n l y  i n  t h i s  way does he  g e r  t h e  r i g h t  r e s u l t s !  
T h i s  means t h d  one should idencify 
- + + 
R = % ( p - p ' ) ,  
+ I  
i n s t e a d  of s imply  ( p - p s ) ,  i n  o r d e r  t o  u s e  t h e  same space-cut-off  
15-5' 1 > E f o r  b o t h  s i d e s  of t h e  e q u a t i o n .  
I n  Appendix D we s h a l l  supp ly  a  r i g o r o u s  j u s t i f i c a t i o n  of why 
t h e  i d e n t i f i c a t i o n  (C-lo) i s  n e c e s s a r y  and c o r r e c t .  Here l e t  us  
s imply a c c e p t  i t  a s  t h e  r i g h t  way t o  do i t .  So l e t  us  s e t  ; D = 
i n  eq. ('2-9) and i n t r o d u c e  t h e  cut-off  R z : 2~ r o  i t ,  we can t h e n  
c a r r y  o u t  t h e  i n t e g r a t i o n s  w . r . r .  ; and k t o  c o n v e r t  i t  i n t o  t h e  
fo l lowing  s i m p l e  e q u a t i o n :  
'I, 
E l i m i n a t i n g  [ / h 1 N (o) ] between t h i s  e q u a t i o n  and (c-6) o r  ( C - 7 )  , w e  
exp [--i ( <2+c1 - 
* 
We now lirnir o u r s e l v e s  r o  e q ,  ( C - 1 3 ) .  Perform t h e  n' and 4 '  
i n t e g r a t i o n s  s u c c e s s r v e l y ,  w e  o b t a i n :  
1 2 , 2  
expl- IT( i  +i I - L ~ ( C + C ' )  1 I 
+ 1 A ( c ' )  d c v  ( f o r  T = O°K) , (C-14) 
lc+5' 1 
which i s  a t y p i c a l  e i g e n v a l u e  problem of i n t e g r a l  e q u a t i o n  t y p e ,  w i t h  
e  E i t s  e i g e n v a l u e  be ing  i d e n t i f i e d  a s  "ln(-)". We t h e r e f o r e  s e e  t h a t  
2& 
t h e  lower is  t h e  e i g e n v a l u e  of a  p a r t i c u l a r  e i g e n s t a t e ,  t h e  h i g h e r  w i l l  
b e  t h e  c r i t i c a l  f i e l d  of t h e  p a r t i c u l a r  n u c l e a t i o n  mode cor responding  
t o  t h a t  e i g e n s t a t e .  We shou ld  t h e r e f o r e  look  f o r  t h e  ground s t a t e  
s o l u t i o n  of t h i s  e i g e n v a l u e  problem i f  i t  e x i s t s .  That such  a  ground 
s t a t e  does  e x i s t  f o r  a l l  -w _i 5, 2 + w i s  t h e n  proved i n  Appendix E ,  
by showing c h a t  t h e r e  e x i s t s  a  lower bound t o  a l l  e i g e n v a l u e s  c o r r e s -  
ponding t o  any f i x e d  5 and t h e r e f o r e  an  upper bound t o  t h e  v a l u e  of 
0 ' 
H ( i 0 )  f o r  t h e  p a r t i c u l a r  n u c l e a r i o n  mode s p e c i f i e d  by t h e  g iven  
C 
v a l u e  of io. We a r e  t h e n  v e r y  s a f e  i n  u s i n g  a  v a r i a t i o n a l  approach t o  
c a l c u l a t e  t h e  e i g e n v a l u e  of t h i s  ground s t a t e ,  which can i n  t u r n  g i v e  
us  a  good e s t i m a t e  of H ( 5  ) ,  f o r  any p a r t i c u l a r  5 . I n  t h i s  ap- 
c// 0 0 
pend ix ,  we s h a l l  o n l y  c o n s i d e r  r h e  p a r t i c u l a r  n u c l e a t i o n  mode w i t h  
go = 0. S e t t i n g  5  = 0  i n  (C-14) we g e t :  0 
1 2  2 
exp [-  C 4-5 ' 1 I 
+ - --------- I 54-i ' I 1 a f c ' l  ddg' ( f o r  T = 0"~). 
W e  now f o l l o w  ~ h e  guidance of s i m i l a r  variational c a l c u l a t i o n s  
i n  the L-C region,19 and choose our trial wave Lunrtlon to b e  simply 
a  gauss ian  function cenrered a t  the origin: 
We t h e n  normal ize  t h i s  wave f u n c t i o n  accord ing  t o  
which g i v e s  
-114 N = ( n / 4 a . )  
Using t h i s  t r i a l  wave f u n c t i o n  i n  (C-15), we g e t  
1 1 Change t o  new v a r i a b l e s  u = --=-(5+5 ' ) V = - ( 5 - 5  ' ) , we g e t  
w a3 
J 2 JZ- 
al-1 2 
- L 2  j exp l- - a + l  du 
l-t-a 2 2 u u 3 e r f  ( --- u) - . 
We t h e n  use the fo1Lowing two fo rmulae :  
dx 2 1 2 1 - exp[-px ] = - E  (pd)= - ln( i /ZG) ( f o r  < <  I), (C-19) 
1, x 2 1 
( s ee  eqs ,  (5 .  l, 11, (5 L e  LI) o t  r e f .  201, 
which can be derived from the formula (see eq. (7.4.19) of ref. 20): 
1 
exp[-at] erf (hF) dt = 1 
2 by first integrating w.r.t. a, and then letcing t = x . 
Our result is: 
The right hand side of this expression goes to intinity as both 
a + 0 and as it possesses a unique minimum which is determined by 
where u = [a/(a+l)].. 
Solving (C-22) numeri cally , we finally get : 
u = 0.5316 
min 








where we have used t h e  f ace  ~ h a e  ac T = O 0 K ,  hc2 = -- ( see  eq. (11-44) ) 4v 
We thus have found a lower bound eo H ( <  - 0 )  which i s  s l i g h t l y  l e s s  
e/Bi 0 
8 then - B 9 c 2 "  
We a l s o  n o t i c e  t h a t  a is s l i g h t l y  greater  than 1, which 
mi n 
means t h a t  she p a i r  wave func t ion  of t h e  nuc lea t ion  mode with 
= 0 i s  s l i g h t l y  wider than  ha l f  of t h a t  of t h e  bulk  nuc lea t ion  
mode. 
APPENDIX D 
ON GOR'KOV'S EQUIVALENT CUT-OFF PROCEDURE 
I n  Appendix C w e  have used Gor 'kov ' s  e q u i v a l e n t  space-cut-off  
p rocedure  t o  r e p l a c e  t h e  s t a n d a r d  Debye f requency  cut-off  i n  t r e a t i n g  
our  LGE. The e s s e n r i a l  c o n t e n r  of t h i s  e q u i v a l e n t  cu t -o f f  p rocedure  
h a s  been g i v e n  i n  t h a t  appendix.  A s  i s  p o i n t e d  o u t  t h e r e ,  Gor'kov 
+= -+ 
has  m y s t e r i o u s l y  i d e n t i f i e d  R of (c-9) a s  2 ( p - ~  ') , when h e  i n t r o d u c e d  
t h e  space-cut-off  15-5' 1 9 ~  t o  borh  t h e  LGE (eq .  (C-6) o r  (C-7) f o r  
our  p r e s e n t  problem) and t h e  i d e n t i t y  found by him (eq.  ( C - 9 ) ) ,  s o  t h a t  
t h e  two equations combined, by e l i m i n a t i n g  ~ X I N ( O ) ,  w i l l  g i v e  t h e  cor- 
r e c t  r e s u l t ,  a s  i f  t h e  s t a n d a r d  Debye f requency cu t -o f f  has  been used 
i n  t h e  LGE. I n  t h i s  appendix,  we a d d r e s s  o u r s e l v e s  t o  supp ly  a 
r i g o r o u s  - j u s t i f i c a t i o n  t o  t h i s  mysrerfous  s t e p .  We guess  t h a t  Gor'kov 
must a l s o  have found such a  j u s t i f i c a t i o n  excep t  t h a t  h e  d i d  n o t  b o t h e r  
t o  have t h e  d e t a i l s  pub l i shed .  N e v e r t h e l e s s ,  w e  s t i l l  t h i n k  t h i s  
appendix t o  b e  worthwhi le  i n  a s s u r i n g  t h a t  nobody, when u s i n g  t h i s  
e q u i v a l e n t  cue-off p rocedure ,  s h a l l  be  mis led .  
We s h a l l  supp ly  proof on ly  f o r  t h e  s i m p l e r  space-cut-off  
-+ +- I p-p ' 1 ,E. That  a  p a r a l l e l  b u t  s l i g h t l y  more compli c a t e d  proof e x i s t s  
a l s o  f o r  t h e  space-cut-off  ) < - 5 ' 1 ' ~ ,  o r  any o t h e r  s p a c e  cut-off  which 
aimed a t  an  i n f i n i t e s i m a l  neighborhood of t h e  o r i g i n ,  i s  t h e n  c l e a r  
i f  one r e a l i z e s  t h a t  t h e  on ly  s i n g u l a r  p o i n t  of t h e  i n t e g r a n d s  i s  a t  
 he o r i g i n ,  
i * 
Lertlng w + and s e t r l n g  R = g(p-p ' )  fn eq.  (C-9), we D 
eliminate l ~ l N ( o )  From t h i s  equar lon  and eq.  (C-7) and ehen ine roduce  
f "  
t h e  ~ u c - ~ i f  ~ p - b ' l , , ~  We chen gec :  
where we have gone back r o  t h e  g e n e r a l  gauge w i t h  n o t a t i o n s  f o l l o w i n g  
t h a t  of Appendix C .  
Now should  we have i n t r o d u c e d  che f requency cut-off  i n  t h e  
c o r r e c t  way, t h e  upper l i m i t  of t h e  i n t e g r a t i o n  i n  t h e  L.H.S. of 
eq.  (D-1) s h o u l d  b e  ZD = wD/2nTc i n s t e a d  of , w h i l e  t h e  R.H.S. 
2wD _t 3 
shou ld  have an  e x r r a  f a c t o r  of [ l  - expj-  - I r-r' I ) ]  , o r  i n  our  
v, 
L 
- r L  3 t  
dimens ion less  v a r i a b l e s  [ I  - exp(- 2~  t I p - p ' ( ) J ,  i n  t h e  numerator  D c  
of t h e  f i r s t  term of i t s  i n t e g r a n d .  S t r i c t l y  speak ing ,  we shou ld  a l s o  
- 1  -t- --r 
have an  e x t r a  f a c t o r  [ 1  - exp(- 2wDtclp-RZ,p1 I ) ]  i n  t h e  second term of 
c h i s  i n t e g r a n d ,  but  t h i s  f a c r o r  can be  s imply dropped wi thour  any harm 
s i n c e  t h i s  term i s  nor  s i n g u l a r  i n  r h e  i n t e g r a t i o n  r e g i o n .  S i m i l a r l y ,  
t h e  s p a c e  cu t -o f f  /;--GI / > E  need n o t  be  dropped even though i t  shou ld  
b e ,  because  i t s  e x i s t e n c e  w i l l  nor  do any harm e i t h e r .  
We can now compure t h e  e r r o r s  invo lved  i n  b o t h  s i d e s  of e q .  
(D-1) due t o  t h e  n e g l e c t  of t h e  p roper  f requency c u t - o f f :  Le t  us 
deno te  r h e  e r r o r  of  t h e  r l g h t  ( l e f t )  hand s i d e  by ERRr (ERR1), where 
ERR = WRONG - CORRECT. We rhen have 
L i' ' r " l B  - %  + +  ERR = - I 3 e x p [ - - ~ u ~ ~ ~ / p - p '  1 ~ 6 ' ) d ; '  r 4n g 
l'io 
/ ;-P? I 
- - 
But s i n c e  wD >> 1 (wD = wDj2nT c -U 1 0  t o  l o L  e x c e p t  f o r  s t r o n g  coupl ing  
'L 
superconduc tors  such  a s  Pb o r  Hg), and E c = h-1/2 n- 1, we can drop t h e  
l i m i t a t i o n  5 '  > O 9  approximate  n ( p l )  by A(p), and n e g l e c t  t h e  phase 
incoherence .  We f i n a l l y  g e t :  
On t h e  o t h e r  hand,  
- - fL 
Again, s i n c e  u  w > >  1, and g t  f~ 1, o n l y  t h e  i n t e g r a t i o n  r e g i o n  
c  e 
-+ + t  1 
E' 1 p-p 1 <' 1 a r e  of i n t e r e s t  t o  u s .  We can approximate  K 1 (x) by - x 
( s e e ,  f o r  example,  eq .  9 . 6 . 1 1  of r e f .  20) t o  g e t :  
where si(x) dt z S i ( x )  - n / 2 .  
x 
But s ince  
a, 
- 'L 
we g e t  ERRl = -In(gywDtcc).  
We t h u s  s e e  t h a t  ERRl = ERR o n l y  i f  we s e t  g = 2.  So f a r  
r 
we have proved t h e  i d e n t i f i c a t i o n  (C-LO) on ly  f o r  t h e  c a s e  T = O°K, 
b u t  i t  i s  easy  t o  s e e  t h a t  t h i s  proof can b e  extended t o  f i n i t e  
t empera tu res  w i t h o u t  much m o d i f i c a t i o n .  B e s i d e s ,  t h e  same proof can 
a l s o  b e  g i v e n  f o r  a l l  sample geomet r ies  and f i e l d  a r rangements ,  s i n c e  
t h e  whole proof i s  independent  of t h e  image terms i n  t h e  k e r n e l ,  and 
t h e  d e t a i l s  of t h e  f i e l d  (excep t  f o r  the  c o n d i t i o n s  d i s c u s s e d  a t  t h e  
end of Ch. 111) . 
- % -1 
We a l s o  n o t i c e  t h a t  shou ld  we have set E = (2ywDtc) f o r  
-+ 3 -f -+ 
t h e  cut-off  Ip-p ' 1 >E,  o r  6 = v /(2yw ) f o r  t h e  cut-off  I r-r' 1 i b ,  we F D 
would have caused no e r r o r  a t  a l l ,  and no compensation i s  t h e r e f o r e  
n e c e s s a r y  through t h e  u s e  of eq .  (C-8)  o r  (C-9). I f  t h e  cu t -o f f  
- % -1 
15-5' / 'E o r  l z - z 1 ( > 6  i s  used ,  we shou ld  t h e n  t a k e  5 = (2ey%tc)  
o r  6 = v /(2eyw ) t o  avoid  any e r r o r .  F D 
UPPER BOUND OF H (5,) AND Hc3 
c K  
I n  t h i s  appendix,  we want t o  show t h a t  f o r  any g iven  T o ,  eq .  
(C-14) i m p l i e s  t h e  e x i s t a n c e  of a Power bound t o  i t s  e i g e n v a l u e  
eE In(-), o r  an upper  bound t o  t h e  n u c l e a t i o n  c r i t i c a l  f i e l d  H (5 ) .  
2 6  c// 0 
The h i g h e s t  one among t h e s e  upper bounds w i l l  t h e n  n a t u r a l l y  g i v e  an 
upper bound t o  Hc3. To p roceed ,  we f i r s t  w r i t e  (C-14)  i n  t h e  form: 
w 
1 
exp[- T ~ ~ \ c \ - ~ ' ~ ~ ' l - 2 ~ 0 ( ~ - ~ ' )  11 
= - A ( ] & \ )  1 2 J 15-5' 1 d c '  
-m 
1 c -c '  I > &  
M u l t i p l y  b o t h  s i d e s  by A( 1 s 1 ) , and i n t e g r a t e  over  c : 
The second term is positive definite, so  we can conclude t h a t :  
where 
1 1 
For I )  we d e f i n e  n = ( - o ,  n '  = - ( S ' - C ~ )  
42 f i  
t o  g e t :  
T h i s  i n t e g r a l  h a s  been s t u d i e d  by ~ o r ' k o v . ' ~  From h i s  r e s u l t s ,  
we g e t :  
We can  t h e r e f o r e  throw away t h e  term i n v o l v i n g  Q(n) a g a i n  t o  g e t :  
Up t o  h e r e ,  we a r e  i n  c l o s e  analogy w i t h  Gor 'kov ' s  d e r i v a t i o n  of 
an  upper bound t o  Hc2.  I n  f a c t ,  t h e  two te rms  t h a t  we have thrown 
away a r e  v e r y  s i m i l a r  i n  form t o  t h e  two terms t h a t  h e  h a s  thrown away 
i n  h i s  d e r i v a t i o n .  However, i n s t e a d  of o b t a i n i n g  (E-1), h e  found t h e  
e  U.B .  
s i m p l e r  r e s u l t  In(-) - z 0, from which h e  concludes  t h a t  hc2 ( hc2 
U.B .  2  Jz'u?i 
where hc2 = e /2y t u r n s  o u t  t o  b e  t w i c e  a s  l a r g e  a s  t h e  e x a c t  v a l u e  
of hc2. l2 (The s u p e r s c r i p t  "U. B. " means upper bound. ) 
We now go back t o  eq.  (E-1). From t h e  d e f i n i t i o n  of 12, i t  i s  
easy  t o  s e e  t h a t  f o r  a l l  5 c 0, we have I > 0, T h i s  i m p l i e s  t h a t  we 
0 - 2 - 
U.B .  2 
c a n h a v e h  ( c o ) - e  j2-y f o r  a l l  ~ o ~ O , w h i c h s t r o n g l y s u g g e s t s  
C 
( b u t  d o e s n ' t  prove)  t h a r  no s u r f a c e  n u c l e a t i o n  mode w i t h  5 < 0 i s  
0 - 
p h y s i c a l l y  more f a v o r a b l e  t h a n  t h e  b u l k  n u c l e a t i o n  mode, a f a c t  known 
t o  be  t r u e  i n  the  L-G c a s e .  
For i0 ' 0, I i s  no l o n g e r  p o s i t i v e  d e f i n i t e .  However, i f  we 2  
can prove t h a t  t h e r e  e x i s r  some a ( 1  ) > 0 such t h a t  1 2 ( c l  , i  )'-a(<,) 
0 - 0 - 
l L  f o r  a l l  0 2 i ~ / < m  , w e  can then conclude t h a t :  
which i m p l i e s  char  we can  have: 
Thar s u c h  a  v a l u e  n ( c 0 )  e x i s t s  f o r  any given io 0 i s  e a s i l y  
s e e n  from t h e  f a c t  t h a t  1 2 ( l < \ , 6  ) i s  a  we l l -de f ined  and con t inuous  
0 
f u n c t i o n  of < i n  t h e  whole r e a l  l i n e  (--m9m) and < 1 , i o ) -  +O as 
/ c l  + w . To e s t i m a t e  a ( i 0 ) ,  however, we must employ numer ica l  
merhod. T h i s  h a s  been done u s i n g  a  C E I R  computer of t h e  p h y s i c s  
deparrment of s h e  U n i v e r s i t y  of Maryland. S i n c e  t h e s e  numer ica l  
v a l u e s  a r e  nos  r e a l l y  v e r y  u s e f u l ,  we s h a l l  n o t  g i v e  a l l  t h e  d e t a i l s  
excep t  t o  p o i n t  o u t  t h a t  
i )  a(<,)  + 0 a s  b o t h  c0  + 0 and m ,  
ii) a(< ) i s  a con t inuous  f u n c t i o n  of 5 
0 0 ' 
'L 




s o  t h a t  I n  ( ) 2 - 0 .48 ,  and t h e r e f o r e  hc, 2 2 .61  - = 5.22 hc2.  q 2 Y 
Comparing our p rocedure  i n  g e t t i n g  t h i s  upper  bound f o r  H c  3 
wish Gor 'kov's  one i n  g e t t i n g  an  upper bound f o r  H we f e e l  t h a t  our  
c2 ' 
upper  bound i s  l o o s e r  t h a n  h f s  one ,  due t o  our  replacement  of 
, )  by M i  ( 5  )  w h i l e  knowing t h a t  i t  shou ld  be  some 
5 
weighted means of I ( 15 1 , 5  ) w .  r .  t . 5 over  t h e  w i d t h  of t h e  p a i r  wave 2  0 
f u n c t i o n  t h a t  de te rmines  H 
c //(GO) S i n c e  Gor 'kov 's  upper bound of 
Hc2  i s  e x a c r l y  twice  l a r g e r  t h a n  t h e  t r u e  v a l u e  of H c 2 ,  we expec t  t h a t  
our  upper bound t o  H i s  more rhan  twice  l a r g e r  than  t h e  t r u e  v a l u e  
c 3 
of H c j ,  which g i v e s  a rough e s t i m a t e  of H t o  b e  around 2Hc2. 
c3 
DERIVATION OF THE SURFACE LAYER TERMS 
I n  t h i s  appendix ,  we p r e s e n t  a  s y s t e m a t i c  procedure  t o  g e t  t h e  
s u r f a c e  l a y e r  terms t o  t h e  f i r s t  few o r d e r s  i n  t h e  expansion of t h e  
LGE under t h e  "everywhere s lowly  vary ing"  assumption.  What we want 
t o  expand i s :  
--f 
+ -/ + % SLT d;' k") ( I r-r 1 ) exp [ (;2-r) -vs] 
We u s e  t h e  n o t a t i o n  SLT(1) (SLT(I I ) ,  ...) t o  mean t h e  expansion of 
nd SLT t r u n c a t e d  a t  cTl ( .  1 (2 , . . .) o r d e r  i n  ( < o / < H ) ,  o r  e q u i v a l e n t l y ,  
i n  t h e  arguments of t h e  e x p o n e n t i a l  o p e r a t o r s .  The f o l l o w i n g  f u n c t i o n s  
w i l l  appear  i n  t h e  expans ion :  
( a >  I (x-X 1 ) 1 
X, ,n (z) z J z ~ < o  di? 1 R k ( ~ )  ( /G-i? 1 )  (z-z l )  
'm,n 
(z) : x ( 0 )  ( z )  and Y,(Z) E x ( z ) .  
my* 0 ,  * 
They p o s s e s s  t h e  f o l l o w i n g  p r o p e r t i e s  which a r e  needed i n  t h e  main t e x t  
(wi th  a  d e f i n e d  i n  Ch. T I  s e c t i o n  3 ,  eq. TI-36): 
n  
(n ,  m ,  R i n t e g e r s ;  f o r  t h e  l a s t  equat ion ,  n  - > R +  0 ) ,  
((2n+l) ! ! = (2n+l) (2n-1) . . .1, (-1) 1 ! 1) . 
Other p r o p e r t i e s  of X 's  can be  e a s i l y  der ived  from t h e i r  d e f i n i t i o n s .  
Before we expand SLT, we f i r s t  convert i t  i n t o  a  more convenient 
2 % 
form by using t h e  commutation r e l a t i o n s  [V V = 2 i e  cijk Hk,  where i9  J 
i ,  j ,  k  = x ,  y ,  o r  z ,  and t i j k  i s  t h e  completely antisymmetric rank-  
3 t enso r :  
zz ' 
x {e~p[(R~, ; ' - : ) -$~]  expC(2ieH) -z-z ' (xl-x> 1 
- exp ~ ( ; ' - - ; ) * $ ~ j >  n ( t )  1 :=;. 
Expanding t h i s  express ion ,  we g e t  
-t -+ 
i i )  SLT ( I )  = 6 [SLT(I) ]  = -2x1 (Z) Y z A  ( r )  . 
i i i )  SLT(I1) = SLT(1) + 6 [SLT(II) I , with 6 [SLT ( I I ) ]  = ~ z ~ ~ ( z ) $ ~ ~ A ( : )  . 
iv) SLT(IEI) = SLT(E1) + 6 [SLT(III) j , w i t h  
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1 + + z 3  S[SLT(111)] = [zp<o d;' k'*)(\:-:'~) x 1-g [Rz,rl-r1.a s ] 
+ + 
I - - % ?  + + \  zz 
- - [ - v + R - v ( 2 i - e ~ )  - 6 s z-z ( x ' - x ) ~  A(& 1 + + 1 s=r 
i 3 j. 
d;v k (0)  r -  + x r - V ,  1 -t -+ 21 r - r  -+ + ' L  ( -z l )vg}+ 'L 
s ' 
+ -f 
1 3 3 3  zz I 
+ - ( - z l )  3  + (2ieH) -z-z (XI -X)  Bs1 A(:) + + / s=r 
= -x2 ,1  
2 1 
- ( Z  xl (z)  + x 3 ( z ) )  !tZ3 A(:) 
(Z) (2ieH) $ A(:) , 
+ X 2 , 2  X 
where t h e  n o t a t i o n  ( A ,  B ,  C ,  ... }+ i s  d e f i n e d  t o  b e  t h e  sum of a l l  
p o s s i b l e  d f s t i n c t  o r d e r i n g  of t h e  o p e r a t o r s  i n  t h e  curved b r a c k e t .  
Thus 
{ A ,  B}+ = AB + BA, 
{A,  A,  B l +  = AAB + ABA + BAA, 
{ A ,  A,  B ,  B)+ = AABB + ABAB + BAAB 9 ABBA + BABA + B B A A ,  
% 
e t c , .  (Note t h a t  f o r  c o r r e c t  coun t ing  we must c o n s i d e r  ( Z V  ) and 
4. 
s 
i (ZIDs) t o  b e  d i s t i n c t  o p e r a t o r s . )  
v) SLT (IV) = S L T ( I I I )  + G [SLT ( I v )  ] , w i t h  
2 9 1  
(Z)  ] Zi ? + ( 2 i e ~ )  [z2 X ( l )  ( z )  - 32 x 2 ,  x z 
where t h e  f o l l o w i n g  o p e r a t o r  i d e n t i t y  h a s  been u s e d :  
2  2  2  {A,A,B,B}+ = 6 A  B + ~ ~ A B [ B , A ]  + 3 [ B , A ]  
if [B,A]  commutes w i t h  A and B. 
EVALUATION OF a ( 3  
For t h i s  purpose ,  we need t o  e v a l u a t e  two i n t e g r a l s :  
,-. 
m a3 
= \ dZ f (2) and I2 = 1 dZ f 2 ( 4 )  (Z) , where f l  (2 )  and f 2  (4)  I1 0 0 
a r e  found by comparing e q s .  (V-47) and (V-42) t o  b e :  ( z )  z 
-4 1 2 (2 )  (2) - 
+ F *  [ y Z  x2,2 
-P -+ \ d ; l z l k ( ' )  ( l r - r q l )  S i n c e  xl(Z) = Z ~ . , o  
and l o  dZ j z  dRz (z-Rz) F(  / R Z / )  
w e  g e t  
7 Go 
so tha t  I~ = -- ~ ( 3 )  (-----) 1 A \  N ( o ) .  (The values of a and a have been 12 5, 2 4 
given in eqs, (11-41) , ( 1 1 - 4 2 )  - )  
Similarly, we g e t :  





2 j o d Z r Z  X2,2 ( 2 )  (Z) 1 . 
Combining t h e  r e s u l t s  i n  ( i )  through (v ) ,  we g e t :  
From eq .  (V -46)  t h a t  a 3 = - 1 I we g e t :  2 1' 
( i )  For h i g h  quantum n u c l e a t i o n  s t a t e s ,  we s t i l l  have :  
+- -? I [$ r + 2 i e ~ ( r )  l . ~ , ~ ( l - t )  1 A(;) 1 
b u t  SH(T) : (2eH) 112 i s  now f u r t h e r  l o n g e r  t h a n  6 (1- t )  . 
0 
I n  o r d e r  f o r  (11-12) t o  b e  s t i l l  t r u e  i n  t h i s  c a s e ,  we shou ld  
- 1 
t h e n  i n t e r p r e t  0  ( t i1) a s  0  (5-I ) o r  0 ( t H  ) . T h i s  comment i s  
Hc2 c  3  
s t i l l  t r u e  f o r  n u c l e a t i o n  modes w i t h  k # 0 ,  s i n c e  from eq .  
Y 
4m (11-3),  we s e e  t h a t  k i s  l i m i t e d  above by [- ( 1 - t ) ]  112 , 
Y B 
( i i )  We have  used two names f o r  t h i s  v e r y  one B.C.  t o  emphasize t h e  
two d i f f e r e n t  r o l e s  i t  i s  s i m u l t a n e o u s l y  p l a y i n g .  A s  a 
" s t a n d a r d  B , C . " ,  i t  i s  supposed t o  b e  modi f i ed  i n  t h e  non-L-G 
r e g i o n ,  a s  ~ e w o r d t  , 2 7  Liiders , 2 2  and we t o o  ( s e e  our  second 
approach)  have a l l  aimed a t .  On t h e  o t h e r  hand,  a s  an  "exact  
B.C." ,  i t  s h o u l d  i n  f a c t  b e  v a l i d  a t  a l l  t empera tu res !  
( i i i )  The c r i t e r i o n  (1-t)  cc 1 f o r  t h e  L-G r e g i o n  i s  a l s o  t r u e  i f  
t h e  p a i r  wave f u n c t i o n  i s  concerned.  But f o r  t h e  LGE one 
shou ld  o n l y  n e g l e c t  t h i r d  and h i g h e r  o r d e r  terms. T h i s  i s  
u n d e r s t a n d a b l e  i f  one n o t i c e s  t h a t  t o  ze ro th  o r d e r  t h e  LGE 
i s  merely  an  i d e n t i t y  s o  t h a t  i t s  f i r s t  o r d e r  i s  a c t u a l l y  t h e  
l o w e s t  n o n - t r i v i a l  o r d e r .  We a l s o  n o t i c e  t h a t  t h e  L-G reg ion  
2 i s  u s u a l l y  d e f i n e d  by b o t h  (1 - t )  <<  1 and (1-t)  <<  K , where 
K r X ( T ) / S ( T )  i s  t h e  r a t i o  of t h e  p e n e t r a t t o n  dep th  t o  coherence 
Length,  b o t h  measured a t  T + T . F o r  pure  t y p e  1 supercon- 
C 
d u c t o r s  w i t h  K c < l ,  t h e  second requirement  i s  much more 
r e s t r i c t i v e  than t h e   firs^, i n d i c a t i n g  t h a ~  t h e  L-G r e g i o n  
f o r  n u c l e a t i o n  s i t u a t i o n  i s  much wider  t h a n  t h a t  f o r  t h e  
b u l k  s u p e r c o n d u c t i v i t y  s t a t e s  w i t h  f i n i t e  o r d e r  p a r a m e t e r s ,  
i n  c a s e  t h a t  such  type  of samples a r e  concerned.  
( i v )  For convenience,  we have d e r i v e d  eq.  (V-11) i n  t h e  s p e c i a l  
gauges c h a r a c t e r i z e d  by AZ 5 0 ,  which i s ,  however, n o t  n e c e s s a r y .  
Thus,  i n  a  g e n e r a l  gauge,  we can proceed , f o l l o w s :  
Le t  + ( z )  5 2 i e  A(z)dz (wi th  i t s  x ,  y dependence suppres -  
s e d )  , then :  
n  
= % {ibzn exp [ -+(z )  I [%z-z8z2]~( ; )  1 
n=o z=o 
b j. 
= exp [ -4(z)  1 [vzA(r)  l z z o  , 
which i s  s l i g h t l y  d i f f e r e n t  from (V-11) ( a  r e s u l t  n o t  ve ry  
s u r p r i s i n g  s i n c e  eq.  (V-11) i s  n o t  r e a l l y  gauge i n v a r i a n t ) ,  
b u t  w i l l  n o t  a f f e c t  our  c o n c l u s i o n s .  En t h i s  d e r i v a t i o n  use  
h a s  been made of t h e  f o l l o w i n g  g e n e r a l i z e d  L e i b n i z ' s  theorem: 
n 
rL -n n dm % n-m 
0 j f ( z ) g ( z ) l  = 1 cn, x l 7  f ( z )  lxvz 
Z 
g(z) , 
m-o d z 
which is very e a s y  to justify by mathematical induction, 
(v) According t o  a  remark made by E. A.  Shapoval ( S o v i e t  Phys. 
JETP - 20, 675 ( 1 9 6 5 ) ) ,  an  unpubl i shed  microscop ic  d e r i v a t i o n  
of t h i s  boundary c o n d i t i o n  was a l s o  g i v e n  by Gor'kov. 
( v i )  I wish  t o  thank  P r o f e s s o r  G ,  Liiders f o r  send ing  m e  a copy of 
t h i s  n o t e  from which I l e a r n e d  t h e  b a s i c  i d e a s  of S c h o l e r ' s  
t h e s i s ,  
( v i i )  I w i s h  t o  thank  D r .  E. Helfand f o r  p o i n t i n g  o u t  t o  me t h e  
p o s s i b i l i t y  of t h e  e x i s t a n c e  of t h e  second c r i t e r i o n .  
( v i i i )  A somewhat d i f f e r e n t  v e r s i o n  of such  a  proof h a s  a l s o  been 
g i v e n  by G .  LGders ( s e e  r e f .  26,  V). 
( i x )  I w i s h  t o  thank D r .  G .  F i s c h e r  f o r  send ing  me t h e  f u l l  
d e t a i l  of h i s  work concerning h i s  p u b l i c a t i o n  c i t e d  i n  
r e f .  34 .  
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